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SUMMARY

Indicial and sinusoidal force ccoefficients ar: reported in terms of
analytical solutions and tebular ocutput samples of digital computer pro-
grams., The sinusoidal results are made availeble orimarily for purely
sinusoidal problems and for checking the extension of the indicial
functions to arbitrary time dependence. Both sets of results are given
in terms of generalized forces for which the mode shapes and upwach
distributions are polynomials in spanwise and chor:idwise ccordinates
based on an origin at the center of the leading edze. In contrast to
earlier work, the present results include generali:zed forces for which
modal and/or upwash distributions of odd degree in the spanwise direction
have been made symmetrical. These distributions are essentizl for a
general analysis of symmetrical vibration problems.

INTRODUCTION

The purpose of the pres=nt report is to exten! the numerical tocls
for unsteady supersonic flow to such a point that o symmetrical flutter
or gust-response analysis could actually be performed for linearized
potential flow with arbitrary time dependence. The results presented
herein are exact for a class of wings with streamwlse side edges and
supersonic leading and trailing edges. The class considered is comprised
of those thin rectangular wings for which a Mach line from a leading
corner does not cross the opposite side edge, and certain of the results
are further restricted sc that Mach lines from the two leading corners do
not cross on the wing. Generalized forces are derived for prescribed
upwash, where the mode shapes forced are polynomials in chordwise and
spanwise coordinates. The spatial dependence of the upwash is also
represented by polynomials while the time dependence is indicial for one
set of results and steady sinusoidal for another sot, The indicial results
can be extended to arbitrary time dependence by meuns of the Duhamel
integral and the sinusoldal results by means of the Fourier integral,



Miles (refs. 1 and 2) has given formulas which could, at considerable
length, yield numerical generalized forces for the sinusoidally oscillating
rectangular wing; and Lomax, Fuller, and Sluder (ref. 3) have obtained
many numerical results for the corresponding indicial case. The present
report extends the results of reference 3 to include odd-degree spanwise
modal and/or upwash polynomials which have been made symmetrical; and
this extension is required for a general approximation of actual wing
mode shapes in symmetrical vibration problems. ©Since the formulas of
references 1 and 2 are generally unintegrated, the numerical results of
the present report represent a necessary extension for the sinusoidal
case. Additional theoretical work related to the problem considered here
can be found in references 4 to 9. In particular, an appendix of refer-
ence 9 describes an IBM 704 program for extending reference 2 to get
pressure distributions on an oscillating rectangular wing of rigid chord
in supersonic flow, as opposed to the generalized forces on a similar wing
of flexible chord found in the present report.

The numerical results tabulated herein are merely output samples of
IBM 704 programs, Additional information on these programs, or their
conversion to other computers, is obtainable at the Ames Research Center.
For the sake of continuity and completeness, the results have been derived
directly from the basic equations of the problem.

NOTATTON
A aspect ratio
a velocity of sound
b wing semispan
Co wing chord
ft typlcal term in solution

glt) time dependence of upwash

I integral
Iy()
Jv() Bessel functions as defined in reference 10
Ky ()
we -
k Zﬁg or éﬁ
rpq generalized 1lifting force
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complex amplitude of sinusoidal generallzed lifting force

v
Mach number, a
exponents of {;}- in upwash

pressure on wing surface

pressure in free stream

exponents of {?}- in generalized force

dimensionless generalized force coefficient

dimensionless complex amplitude coefficient of sinusoidal
generalized force

free-stream dynamic pressure

wing plan area

Laplace time transform variable

time
et
Co

free-stream velocity

upwash, 9@,

coefficient of upwash on the wing
space coordinates fixed in the wing

vertical displacement of wing surface positive upward

/BZ?\2+2M7\_S+S_2
a

a2
M2 -1
Laplace x transform varieble
air density

velocity potential function



=

5] leplace t transform of @
v Iaplace x transform of @
V laplace x,t double transform of @
w angular frequency of oscillation
— wego
w e————
8,
() Laplace time transform of () in s or complex amplitude of

()in w
OUTLINE OF ANALYSIS

The analytical treatment of the problem is based on the linearized
potential flow theory applicable to thin wings and small angles of attack.
The linearizing approximations of the wave equation and their limitations
are discussed critically in chapter T of reference 5. The form used here
is equation A2 of table T of that chapter. The differential equation of
the velocity potential is

2 2V 1 _
—Bcpxx+cpyy+fpzz——a—2cpxt-;écptt—o (1)

The coordinate system (x,y,z) is fixed to the wing with the relative
free-stream velocity V in the direction of the positive x axls. The
undisplaced wing surface lies in the plane 2z = O and the surface executes
small movements from that plane. Boundary conditions at the wing surface
are approximated by the potential ¢ or 1its derivatives for z = 0. When
boundary values are dlscontinuous through the surface, the upper value
will be used as obtained by letting z - 0 through positive values.

The given boundary value here is the upward velocity component of
the air at the surface of the wing. This upwash is given by

W(X;Y:O;t) = QZ(X)Y:O;t) (2)
and can be obtained from the motion of the wing by
W= Z¢ + Vig (3)

vhere Z(x,y,t) defines the vertical displacement of any point on the
wing at any time. The upwash can also be obtained from a gusc.
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The resulting aerodynamic pressure change on the upper surface of
the wing is given by

p - Dy, = -p(Py + Voy) ()

and the requirement of the same upwash on both sides leads to a reversal
of the sign of the pressure change across the wing and a pressure differ-
ence, or local lift, of

Ap = -2(p - D) = 20(Py + VPy) (5)

The undisplaced wing lies
in the plane =z = O with lead-
ing edge at x = 0, side edges v
of y = *b, and trailing edge
at x = co (sketch (a)). The
boundary conditions require
that the upwash have a preccribed —
distribution on the wing and that y
the pressure be contimuous off
the wing except for analytical
discontinuities in regions that
do not influence the flow on
the wing. Since no influence can
be propagated upstream in super- co
sonic flow, it 1s not necessary
to require an analytical solution
to satisfy any conditions in the
region x > cg.

The analytical formulation
of the boundary conditions is Y
stated in appendix A, equations
(A2) through (A6). Solutions
are first obtained in general
form for all positive x and t.
This is a mathematical conven-
ience that does not affect the
results for finite x and %
pecause no influence can propagate backward in those coordinates. Partial
solutions are obtained for single side edges and for no side edge and
these are combined to form a solution satisfying all required conditions
for a limited range of X.

Sketch (a)

The method of solution is based on the use of Laplace transforms in
x and t to obtain a transformed differential equation and boundary
conditions in the two independent variables y and z. The heart of the
mathematical problem is in the mixed boundary condition arising at a
streamwise edge and is stated analytically in equation (A1l6) with boundary



conditions (A21) through (A24). This problem has been successfully
attacked by several methods including those of references 1, 2, 3, 7, 8,
and 11. The method used here is similar to that of Landahl (ref. 11) but
is simplified since the use of Fourier integrals has been avoided and the
solution has been worked out in detail.

The Iaplace inversion in x 1s performed for the single side edge
case of boundary conditions (A21) and (A22) and the resulting time trans-
formed potential @ is given in integral form in equation (A33). This
is included to emphasize the difference between the influence function
for time-dependent flow and that for steady flow. The result is stated
in equation (A33).

The solution of equation (A16) and boundary conditions (A18) to (A20)
usable for small x 1is given in equation (AM?). An alternate form is
obtained in equation (A48).

At this stage of the analysis speclalized boundary values are
introduced and form the subjects of appendixes B, C, and D. The upwash
is taken in the form

m n
— X y
w<X:Y;O;t) = wog(t) (a) .(?)- (6)
for
x>0, lyl<b, t>0
The time dependence is taken in two forms:
0, t <0
Indicial t) = T)
g( ) {;, t >0 (
0, t <0
Sinusoidal t) = . 8)
g(t) {em eee (

The indicial case yields & transient solution for small t and the
steady~-state solution for larger t. The sinusoldal case ylelds a
complicated transient for small t and the steady sinusoidel solution
for larger t. The steady state starts at

_ %o
b= 5 (9)

The transient sinusoidal solution is not considered here.
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Results are presented as weighted integrals of the local 1ift of

equation (5),
Pq ‘o b
Limn =\o/ f 20(py + VOx) 5=
-b

and this generalized 1ift is given in a dimensionless coefficient

(J
_ _2pV
oS [ f (06 + Vo) O<co>

dy dax (10)

dy dx (11)

so that

W

This generalized force coefficient Qﬁg is thus defined to be

independent of the coefficient Wy of equation (6) meking it necessary
to reintroduce Wy in the formulation for generalized 1ift in equation

(12).

RESULTS AND DISCUSSION

Nature and Applicabllity of Results

The generalized force coefficients for indicilal time dependence,

Qﬁg (to), are given in equation (Cl7) and amplitudes, Qig (w), of coeffi-
cients for sinusoidal time dependence are presented in equation (D13)

In addition, because of limitations in the numerical computation, equa-
tions (D15) and (D33) are given for the speclal cases of zero frequency
and infinite frequency, respectively. The subscripts m and n 1in these
force coefficients are the exponents of x and y in the upwash distri-
butions, with the origin of coordinates at the center of the leading edge.
The superscripts p and g are the exponents of x and y 1in the modal
distribution which is forced, that is, the weighting function. All odd~-
degree spanwise distributions are made symmetrical. The solutions Just
described are applicable for low supersonlic Mach numbers, M, and for

aspect ratio, A, greater than 2/UM? - 1 1f either the modal or upwash
spanwise distribution in the generalilzed force is of odd degree, or

greater than l/JM? - 1 if both are of even degree.



The most usable results of the present report are IBM TO4 programs
for Qﬁg (to) and Qﬁg(m). The programs can accommodate values of the

upwash exponents, m, n, and the modal exponents, p, g, from O through 5.
If higher exponents are desired, the programs can be extended with minor
modifications, The program for the indicial time dependence prints values

of the force coefficients, Qﬁg (to), for equal increments of the dimension-

less time to (defined under Notation) in the ranges O < tg < 1/(M + 1)
and 1/(M + 1) < to < 1/(M - 1). The number of values of to 1in each
range 1s an input quantity. Similarly, for sinusoidal time dependence,
the number of values of reduced frequency k (defined under Notation)
desired in the ranges 0 <k < 0.5, 0.5 <k < 1.0, and 1.0<k <2 1is an
input.

Limited numerical results are presented in table I for indicial force
coefficients, Gop (to), and in table II for the sinusoidal amplitudes,
Qﬁg (¥). These results serve primarily as samples of the 704 program but

may be directly usable for problems which happen to have the appropriate
parameters. In these tables the upwash exponents, m, n, and the modal
exponents, p, 4, range only from O through 2 for a Mach number of 1.2 and
an aspect ratio of 4. The n and ¢ designations in tables I and II
indicete that the values of n and q can be interchanged, that i1s, there
1s reciprocity between the upwash and the forced mode in the y, or
spanwise direction (this being a special case of equation (39) of ref. 3).
In table I, the dimensionless time 1o ranges from O to 5, the latter
being the steady-state value of 1o for a Mach number of 1.2. In table
II, the reduced frequency k ranges from 0.02 to 2; and the avoidance of
k = O indicates a weskness in the machine computations (due to @ in the
denominator in equation (D12)), which will be discussed later. Spot checks
indicate that the numbers in the tables, and hence the programs, are
accurate to £1 in the fourth figure, or better.

As indicated in the Introduction, the indicilal results can be used
for arbitrary time dependence by means of the Duhamel integral and the
sinusoidal results by means of the Fourier integral. There is some indi-
cation, however, that the present indicial results are more readily usable
in this fashion than are the present sinusoidal results. The reason for
this indicial perference is that the entire range of variation with
(dimensionless) time is tabulated herein for each indicial function while
only a small portion of the variation with (reduced) frequency is tabulated
for each sinusoidal function, and this makes the superposition for arbi-
trary time dependence easier and more accurate for the indicial case. The
full-range tabulation for the indicial case 1s possible because the entire
variation in the zerodynamic force for an indicial function in supersonic
flow takes place over a short period of (dimensionless) time. In contrast,
the sinusoidal functions vary over a range of (reduced) frequency from
zero to infinity, and the relatively small range of actual tabulation
described earlier is made available primarily for such purely sinusoidal
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problems as may arise and for checking the time superposition of the
indicial results. It is expected that the advantage just described for
the indicial function will be maintalned when the equations of motion are
solved by direct numerical integration with respect to time, as opposed
to a transform method. The superposition of indicial functions by means
of the Duhamel integral is illustrated in equation (31) of reference 3,
among other places.

It should be noted at this point that the analytical indicial
coefficients of the present report agree with those of reference 3 for
the even-degree spanwise distributions contained in that reference. The
basis for this analytical check is the table of the function J(g,n) in
reference 3. In addition, for the particular four columns in table I that
have immediately corresponding columns in reference 3, namely, the three
with n=q=m=0Oand p =0, 1, 2, plus a fourth colummn n = 0, g =0,
m=1, p=1, the beginning and end points show numerical agreement. The
probability of further numerical agreement is indicated by the nearly
identical indicial-functicn values at nearly corresponding dimensionless
times between the end points. These comparisons tend to validate the
indicial program. In addition, certain of the sinusoidal results agree
with calculations for specialized cases as given, for example, in
references 1, 2, T, and 8.

Comparisons Between Indicial and Sinusoidal Results

When equation (C17) is written for tg = l/(M - 1) (steady state)
and is compared with equation (D15), it is seen that

E(tozgty)- B @-0 (13)

This is to be expected since both specializations are for steady state,
and hence equation (13) serves as a check. Similarly, the writing of
equation (C17) for to = O and comparison with equation (D33) yields

&2 (to =0) = (@ =) (14)

Now equation (13) resolves the computational difficulty mentioned
earlier at k = O (or ® = 0), since the steady-state values at the end
of the columns in table I can be used for the missing k = O values in
table II. Thus, if sinusoidal results are desired for parameters other
than those tabulated herein, and if k = O is essential, the indicial pro-
gram can be used as an auxiliary for k = O, with the input time increments
selected to include steady state and few other times. Knowledge of the
value of a generalized force coefficient for k = O is, of course, useful
in determining the minimum value of k which can be introduced into the
sinusoidal program. For example, comparison of the steady-state values
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in table I with the k = 0.02 values in table II shows a difference of 5
in the third significant figure for one case and a difference of 1 in that
figure, or better, for all other cases. Thus steady state has been
approached rather closely at k = 0.02 with no major deviations due to
the TO4 program; hence the program is usable for values of k as low as
0.02, at least for the pasrameters of tables I and II.

CONCLUDING REMARKS

Generalized indicial and sinusoidal force coefficlents for rectangular
wings deforming symmetrically in supersonic flight have been derived on
the basis of linearized aerodynamic theory and programed for the IBM 7Ok,
Additional informetion on these programs 1s obtainable at Ames Research
Center. The analytical solutions are exact for rectangular wings and for
the specified polynomials in upwash and modal distributions. All odd-
degree spanwise distributions are made symmetrical. The solutions are
applicable for a chord length such that a Mach line from a leading corner
does not cross the opposite side edge, provided nelther the modal nor the
upwash distribution in the generalized force is of odd-degree spanwise.
Otherwise, the solutions are limited to half the above chord length. There
is some indication that the present indicial solutions are more readily
extensible to arbitrary time dependence that are the sinusoldal solutions.

Limited numerical results are tabulated for both the indicial and the
sinusoidal cases, primarily as samples of the outputs of the TO4 programs.
As suggested by the absence of zero frequency in the sinusoidal tabulatilons,
that frequency cannot be supplied by the sinusoidal program. It can,
however, be supplied by the indicial program at steady state. The smooth-
ness of the approach of the sinusoidal results to steady state can be used
to determine how close to zero freguency the progrem can be carried. This
criterion indicates that for the limited parameters tabulated herein the
sinusoidal program is valid for a dimensionless reduced frequency (radians
per semichord of travel) as low as 0.02.

Ames Research Center
National Aeronsutics and Space Administration
Moffett Field, Calif., Nov. 20, 1961
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APPENDIX A

SOLUTICON FOR TRANSFORMED POTENTIAL

The linearized differential equation of time dependent supersonic
flow over a thin wing at small angle of attack is

2V 1
—BZCPxx*’(Pyy"‘(Pzz‘;g‘%ct';CPtt:O (A1)

The required boundary conditions are

¢ =0 for x 0 (A2)
=0 for t <O (A3)
W =9, given for z =0, x>0,t >0, |yl<b (AL)
=0 for z =0, x>0,t >0, |yl>b (A5)
¢ =0 for =z sufficiently large (46)

A solution valid for x < 2Bb can be obtained in terms of integrations
of fairly manageable form. For larger values of x the boundary con=-
ditions (A4) and (A5) impose more severe requirements leading to
complicated multiple integrals. The condition x « 2B8b implies that
the Mach lines from the leading corners do not intersect the opposite
edges (sketch (b)).

_x = B(b +y)

e e — - -

]

X
Sketeh (b)
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The time variable is eliminated from eguation (Al) by a Laplace
transformation

o0
cp(x,y,z>=f o=Sto(x,y,2,6)dt  Re(s) > O (87)
Q
Then

- o0
W = f e~Sty at (A8)
o]

and equation (Al) becomes

- - - - 2 a
By By + By m BB -5 G =0 (49)

Boundary condition (A3) is satisfied and the others become

$=0 for x g0 (AL0)
W= éz given for z =0, x >0, |yl <D (A11)
$=0 for z=0,x>0, |yl >b (a12)
P =0 for 2z sufficiently large (A13)

A second Laplace transform eliminates x from equation (A9)

@(y,z>=f e-NG(x,y,2)dx  Re(A) >0 (A14)
]
and
T = [ e MWy, 2x (415)

equation (A9) becomes

+ V. =a2} =0 (A16)

where

@ = \/Ez?\z + ?-Z-Sl + (A17)

oY
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and the square root is chosen so that for real s and A, o 1is positive
when s and N are positive. In the inverse transform integrations to
be used later, this serves to define o for complex s or A.

Boundary conditions (A2) and (A10) are satisfied and the remaining
boundary conditions become

@z given for z =0, [yl <b (A18)
v =0 for z =0, lyl >b (A19)
$-+ 0O for z - x (A20)

A complete solution of equation (Al6) for these boundary conditions
is not attempted here. For the limitation x < 2fb it is sufficient to
obtain some special forms of solutions that can be combined to form a
solution satisfying the required conditions. Three boundary value cases
are considered for equation (Al16).

Case I: ﬁ(y,O) =0 for y < =b (A21)
ﬁz(y,O) given for y > -b (A22)
Case II: ¥(y,0) =0 for y>Db (A23)
@Z(y,o) given for y <b (a2k)
case III: V,(y,0) given for all y (A25)

In equation (Al16) the introduction 2z

of polar coordinates (sketch (c)) | (y,z)
¥y =-=n=Rcos &
(A26)
z =R sin 6 R
gives
[s] 8 -—
1 1 7
Voo += ¥, + ==V, -a?y =0
RR R 'R g2 66 (A27) Sketch (c)

Separation of variables in these coordinates gives simple solutions
n &

2 e~ R
s 6 | NR

These can be used to obtain solutions for the boundary value, cases I
and II.

si

<1
i

co
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For case I, let

W (y,2) = fb To(¥,m,2 )P (n)an (428)
where
- - -aR
\I’O<.V;Tl;z) = wo(R)e) = CcOos %e\/i ) O S.G S. EK (A29)
Then
‘T’O(Y:T])m) =0
e =R e'@(y‘ﬂ)
. N
‘VO(Y;T];O) =
0 P) y <
and

olr,0) = [ R S
y = F ———dn
Y b L] T

= 0, if y<-b

Thus V. of equation (A28) satisfies the boundary conditions (A20)
and (A21).

To find F(7n) define

é(y;Z) = f e-a'y\l;z(y,z)dy

y
00 a o -

= f e Vay 5"‘_[ F(n)v,(y,n,z)dn
y Z2vp

<1(R+y)

= f F(n)ay —f ——dy

~b R

The differentiation of the inner integral card be obtalned easlly from a
change of variable of integration

E=y -n+R

« NN £



15

Then

0 ~a( R+ © ~(n+E)
if cos g_e_(y—).dy’ = & if ?—.—_n——.dg
“dyam 2t

eqm(R+y)

2 JR

= sin

The cholce of sign for the second integral is determined from the sign
of cos(6/2). Then

- ® - R+y )
G(y,z) = -f F(q)sin g—g-——iy—dn

b JR

and for =z

]
o
-

i o =N
’O = - e ——————
6y,0) “/I;ax( -b,y)F(n) NN o

From its definition G(y,0) is known for y > =b and

- © @ ~an
G(y’O) = -.[ _.(_Tlli_—.dn
¥y NU-Y

This is an integral equation similar to Abel'’s equation and is solved
for F(7n) by noting that

—_——e dy = ~q F(n)e dn
/; ¥ :

and by differentiation

o) -2 2 2800,
Tdndy Jy -

eCLT] « e-q‘y\I,Z(y,O)

= o ame—

“n NY =1

dy
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Substituting this definition of F(n) into equation (A28) gives

T -
1 [ P e-@(R-n) w0 o =Xy v, (y1,0) \

- = cos & dn dy
Vs 2 VR 1 7 -

© y -(R+y'=1)
Lo [T e BEan (430)
-b b JR JYT -9

‘T}I(Y:Z)

U

In the second integral of equation (A30) a change of variable of
integration

E=R+Yy' -1

yields
_ w0 _ by '+ (b4y ) Z 422 o=t
V(y,2) = - i-f wz(y',o)dy'f at
-b J(y=y')E+z2 Jez - (y - y1)® - 22
(A31)

This is the form that appears first in some methods of solution.

Equation (A31) is useful to obtain a general formulation for 51
with boundary conditions corresponding to those of
and (A22). When the Laplace inversion formula

I

¢+l
5 o= i Axy
=53 e™vy aa, c >0
c=1c

and the definition of WZ from equation (A15) are used
0 o0 c+ioo
or = - %f dx'f (xt,y",0)ay " 5= Mx=x1) g
C -b
£ <

ani ¢c~=1wc
J =
3

1 JEE - (y -y")® - 22

dg

(A32)

where

g, = J(y -¥')% + 22

E,=Db +y' + .f(b+y)2 + z2

in equations (A21)

AN = =
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In the Inner repeated integral a reversal of the order of integration
yields a nonconvergent integral in A. Tt is necessary to resort to a
device which permits the integration. The integral can be expressed as
a derivative

c+ioo N(x=x') -
i, e A=
o} c-100 il g E.Z - 512 .

In the following it is to be understood that ¢ 1is put equal to 1 after
differentiation. Now when the order of integration is inverted, this
becomes

£z

- é_.fgz = : fc+im S
Cc

et fe7 - g2 o Yoo *

In the inner integral the substitution

A=t + VS
BZaZ

changes the Integral to

e-VS(X-X')/B?a? N k/nc+(s/Bza)+ioo eg(x~x')-BogAf§2 - (s/p2a)?
N o N

e

-Vs(x-x')/B%a2
e fe o] o T Ben® |, x> o

=0, X = x' < Bok

(Ref. 12, p. 249, no. 36). Then the Integral becomes

£

.e'Vs(x-x')/B2a2 9 fmin[(X'X'/BG),gz] IO[S/ﬁZa J(X - x')" - <BO§)2] a
3

B do . e [e2 - gl2

Three cases are found: If x -~ x' < Bél the integral vanishes.
If PE, < x =-x' <BE, differentiation gives, with

n =38 EE'EZ:
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e-Vs(x-x' y/8%a2

' et 2 2, 2
+ e-Vs(x—x')/Bza2 5 f Gext)7-B7E, 11[5/325 J(x' x1)¥ - g2, 2 - 712] an

2

JGo = x® - 6%, P Joc - x)? o837 -

- e-VS(x-x')/Bzaz cosh(s/p%a) J(T;- xr)z - 32512

JOx - x)? - 22

If x - x' > BE, the integral is

e—Vs(x-x')/B2a2 —E—\/‘B./ §22_§l2 Il[S/BZa\/(ix' x')2 _ BzglE - n27 an
BZa o f(x _ X')Z _ BZng _ ng

Substituting these results in equation (A32) yields

dx' dy'

- 1 [T= o Vs(x=x1)/B%02 op(o/p2a) J(x - x1)2 - BEL(y - y')° + 23]
q:’I == ;ﬂW(x‘,y',O) > > >
5, Jo =07 < 8lly - ¥y + 22

W - - 2
) LﬂW(xv’y,,o)dx, dy'e VS(X X')/B a2 s
his B_za
SZ

B2(b+y ") [bay+ (o) +2?] Il{S/ﬁaa (x - x')® - p2[(y -y")% +22] - nz} a
i

° Jix = x2 - B2(y - y")? + 23] - 02
(433)
The area of integration is bounded by the requirements (sketch (d))
x' >0
y! -b
x - x'>BJ(y - y)%+ 22

and is divided by the straight line

v

x - x' =B[b+y‘ +.f(b +,y)2+22]

SRS R e
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-b )
%7 4%7 YI
\\\\\ S
' ' 2
x-x= B./(y-y) + 2
X |
x-x = B[b+y'+ /(y—y')§+ 25] {x,y)
Sketch (d)
In the more familiar case of 2z = 0 the area 8S; 1is recognized as

the entire area of integrstion for the steady-state solution of Evvard,
a result that appears in equation (A33) with s = 0. This should be so
because s = 0 reduces eguation (A9) to the equation for steady flow.

In equation (A33) it is seen that the influence at (x,y) from =
point (x',y') in S; is the same as if there were no edge. This must
be so because a distrubance originating in S; cannot be propagated to
the edge and then reflected to (x,y). Unlike the steady-state result,
the second term of eguation (A33) shows that 2 disturbsnce from Ss does
affect the potential at (x,y).

The solution of eguation (AlG) for case II with boundary condi-
tions (A23) and (A24) can te treated in the same manner with the function
of equation (A29) replaced by

-aR
e

VE

sin g
2

The procedure is the same with some changes of sign. The solution is

~b -a{R+7) T gyt .(y',0)
I . y' oYz \Y
WII(:Y!Z) = - %J/ S1n 'g e—\/-._———‘ dn/\ e _____i_ dy’
-0 R - o0 n-y'
1 Jhb _ /Pb 5 :-G,<R+T] y')
=== Uy'0ldy' | sin 3 ————— a7
"o Jy = VR -y (&3%)
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The solution for case IIT with boundary condition (A25) can be
obtained from either case I or II with b = «. Then, from I,

-a(R+y'-1)

)
l -
WIII(‘Y’O) = - E[w wz(y',O)dy' IOO cos 5 7’1;—3”[_'——;-—71 an

o

o) 0 -~k
lb/\ - e
= ¥ (y',O)dy'k/p —=—a¢
Tw ® g, JE2 - £,2
o] 00 -CLO'E
. _ X i 1 1 _E____i~
L[ neow [ e

= - %b/\ v, (y',0)Ko [a (y - y')% + 22 ]dy‘ (A35)

This is a known result that can be obtained by direct procedures.

The three solutions that have been obtained can be combined to yield
a solution satisfying all the boundary conditions for x < 28b. The
boundary value W (y,0) is known only for |yl <b but in some cases with
canceling results 1t will be treated as if it were known also for vl >D.

A difference solution @IV is defined by

Yoy = V1 7 Vrop (A36)

where &III is defined with the condition that &Z(y,o) =0 for y < -b.

Combining from equations (A30) and (A35) yields

B} A (5 .0) -b 9 B -0 a(R+y'-n)
y_ = __J/\ v (y!,0)dy! J[‘ cos =
oo , 2 " RN r—-—‘—‘

e o -ak
lb/\ - e
= ¥ (y',O)dy'k/n S — 1
b1 Z
- t JEE - 6T (437)

The resulting potential @ is

c+ieo
P dx (x',y',0)dy" — % (x- X')
v ’ Eﬂl r———————

NN B>
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From the methods used befor:, it is found that

EPIV # 0 only if x> B J(b + )+ z2 (A38)

that is, only inside a Mach cone with the vertex at the leading corner
(_b) O)'
The boundary value of éIV in the plane of the wing has special

properties between the Mach lines from the corner. On the wing,
equation (A36) shows a cancellation of normal derivatives and in this
aresa WIV = 0. Off the wing @I contributes no potential and

@IV = —@III. Also @IV contributes nothing beyond the other edge of
the wing if x < Bb (sketch (e)).

-b 0 +b
_ — -y
®N=O ®m=0
\Tvm=0 szo
$N=—$m WJI:o
x=-Blbey X=B(/b+y)
Y
X
Sketch (e)

A corresponding difference solution @V is defined for the edge
y = Db.

It

b _ o ~a(F+n-y')
%L[:D wz(y',O)dy“ljg sin 3 S—————dn (439)

Edn- v

Then @V has the same behavior as $IV but in reversed directions about

the edge y = b. If V¥ is now reintroduced, this time defined with

11T
v,(y,0) =0yl >0 (ako)
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the comblned forms

= Vppr i Wy
or (Ak1)

P =Qprpp + Py + Wy

=g}
1

yield a solution that satisfies all required boundary conditions
for x < 2B8b. If all terms of equation (AL1) are defined with con-
dition (A40) the form of (Akl) is equivalent to

Vo= =Vppp f ¥ F Vg
or (ak2)

P = =Pppp + P 1

Tt is seen by equation (A38) that the restrictions of condition (AkO)

are not necessary to calculations using equations (A37) and (A39) in (AL1).

This is sometimes & convenience in performing the required integrations.

Tn the following formulas the boundary value is taken for z =0 as
reached from the side of positive =z. This 1s attained by putting 6 of
equation (A26) equal to O for results obtained from wI and 6 equal to

q for results obtained from wII' Tt may be noted that solutions in

terms of 6 and R apply for a full circle of angle passing around the
edge from wing surface to wing surface. The form of integral in equa-
tion (A31) is different in that is has correct sign for =z > O only.
From equation (A26)

]
[

R=y -1, 6 0

R n-Yy, 6 ==

and the vanishing of some of the trigonometric functions puts limits on
some of the intervals of integration. Then from equation (A30)

- y _-a(y-2n) o equ‘$ (y',0)
o = -t e 2 gy (w3)
n

VY .JY =0 .)y' ~ 1
from (A34)
_ b =a(2n-y) 'Y (y1,0)
Tpgly,0) = -2 [ an | 27 2 gy (Al
I1 ! v ,T] -y oo ’T] - y'

and from these, two forms of @III(y,O) are obtained by putting b = .

N
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If equations (A36) and (A39) are substituted and the limits of
integration are combined

min(-b,y) -a(y-21) o e V'Y (v,
(5.0) L/mn ye_—dnfe v, (y O)dy'

v_(y,0) =
Iv T e JY - 1 -b Jy' - 1 (abs)
100 -G(QU'Y) b Oy !
- 1 e [ e \'V (y )O)
v ,0) = = ——————— d
v, “Jmax(b,y) N Jn - v (4L6)

If these results are used in equation (A41) =nd values on the wing
are taken for =-b <y < b,

11—
- Ly el -En) b ™Y, (y,0)
\JI(Y,O) = - T ay'
00 JY - max(-b,n) y'o-
_
L o ely=2n) b oor @ o 'Y (y10)
+ = ~———d7 dy!*
-0 NY =T -

b y' o=

=

™ (2n-y) b Y'Y (v .0
}?f e——-—-dnf 959
max(b,y) NAIEN -0 Or =b N A (157)
AT

This is used as a computing form in appendix B. Since the last two
integrals contribute only edge effects, the y' integrations can be
extended to the infinite limits without affecting the results for x < 28b.
If the analytic form of the integrands is extended, simpler integrations
may be obtalned with infinite integrals. With conditlon (AL0) ana WIII
from the third form of equation (A35) and again for -b <y < b, ¥
beconmes

- 1P . o ly-y'lo
0,0 = -1/ Leom [ e
=b i 1 0'2 -1

f-b o ly=n)_~aly'-n)
= Jy - Yy -

1 [P o =a(n-y) -aln-y')
+ ;f v, (y",0)dy" f = dn
-b b Jn-y Jn -y

dn

b
+ ;l;f ¥, (y',0)dy"
b
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Tn this form the 1 integrations can be modified by substituting integral
representations of the form

co(y=n) oly=n)o
- F =

J - ﬂ

Then the 1 integration can be performed and the remaining integrals give

- b
0 = -1 [ o € 4
=b 1

N b _ o =a(b+y)o © *1<0+Y )E
+ _Eu[ Wﬁ(Y',O)dY’J[ < ddd[
= Jop 1 1 (& +o0)JE -

L orP- o =a(b-y)o o _~a(by')E
+ —é-f wz(y',o)dy'f 3 dof
n -b 1 - 1 g + 0) ’

(AL8)

This is an alternate computing form that has been used to check the
results from equation (ALT).

The y integrations of the generalized 1ift can be computed in the
forms given here. There remain the x and t integration to obtain
W (y,0) and the Laplace inversions in x and t to find ¢. The
calculatlons for specific boundary values are given in appendix B.

N R ey



UNIU 4

25
APPENDIX B

INTEGRATIONS OF TRANSFORMED POTENTTIAIL FOR

AFBITRARY TIME DEPENDENCE

. . . a ., .
To evaluate the dimensionless force coefficient an, it is necessary

to develop a form suitable for machine computaticn. Now, from equation
(11) of the body of the report,

e wo/v)[ <>/

where @ 1is the velocity potential determined by an upwash

W(x,y,0,t) = Wog(t) < j)

on a rectangular plan form of chord c, and semispan b, and ¢ = 0 off
the wing. (See sketch (f).)

o (2, 4@ ,
= * v a dy dx {B1)

v [
Co

CL (B2)

-b o +b

y=-b+ z§- | y=b- é%

Co

-
™

X

Sketch (f)

THE TRANSFORMED POTENTTAT

First, the transformed potential W(y,s,%) is determined from
equation (A4T) where s and A are the transform variasbles for t and x,
respectively, and where =z has been set equal to zero. Taking Laplace
transforms on (B2) with respect to x and t gives



26

m n © \m n
X -

o @] [Forama -sene 5] e

O
and
n m
- _g(s)m!W
Wog(s) y }\X< > m7\m+1o c_};_ (B4)

An integral form of the transformed potential W is obtained by
substituting (B4) into equation (A4T).

—_ é(s)mlwo /“'b e
V= T ammmer |

a(y'n)dnfoo |y! lne-@(y'-ﬂ)dy

nCce Lo Y - 2y y' - m

[w oY)y fb
+ —————————————
: Vi-y e

n - - 1]
Iy' | e 0«(71 y )dy'

b - N -y
) [y e-a(y—n)dn /b Pyt |ne"C°(Y"Tl)dy
\-b \[y-_ﬁ \'q y' -1
f-b e-a(y-ﬂ)dn /‘b lyl I e (IY ﬂ)d_y (B
- } 5)
Jooo Wy ey Sy -

SPANWISE INTEGRATIONS

The transformed potential
by meking the substitutions

n

il

yl

and integrating over E&.

¥ can now be reduced to a single integral

NN >
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Since the partial derivatives in (BL) do not involve y, and y 1s
unaffected by the ILaplace transforms on x and t, it is possible to

a
miitiply V¥ by éL as in (Bl) and perform the spanwise integrations
o}
on the transformed potential E.
b q
Now, /ﬂ gL ¥ dy can be integrated by interchanging the order and
: o]

-b
integrating over y first. All of the preceding integrations are
straightforward but very lengthy and, therefore, will not be reproduced
in detail.

The results are:

/ﬁb
b

* n!
I]_:-E/
Joa Vo (1L + o)

q_ é(s)miwo
v dy =
“Om+n+qﬂkm+1

(I1 + Is + Is+ Ig) (B6)

n J+q+l
d
< 1> d

(n - §)tad(n - 5 +q +1)

A
C:O

s

J=0
n . (i 1) ,.n-j+g+1 139
n!: 2 + é> b (1 + (-1)°]
- —— (B7)
7o (n - T <% #1)n -5 +q+ 1l
2
n+q+x
T 1 - C‘»
n+1 S <; + ¢/ 4o
IQ_ = -2[1 + (—l) ] n+q+
5 Jo (1 + o)
+1 ™
J7 il + (-1)7Ir <% g = - 1)
(B8)
n+q+2n <% ta., %)
2
/-
- n (1 - - 5
T s W §> e P ey ek s
I ads (1+0) = ajdhid = (n - 3 - h)h! o (@b -6 el - c)]k+1

(B9)
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To perform the integrations Iz may be rewritten. Replace 1

e-a(1+o WX gt [a(1 + o)
Then (B9) becomes

[¢¢]
by the equivalent integral /F

k!
(o]
a(i+0)T q = G'_ -} J(T - b)n_J
_ o 38 ol Rl n!'(or - b) N + q
I = 2(-1) \Z“\Z“ T 9 JGQL m remr ek

/-

J/1 - J -
2 fm n} Vo i - \1 0> g ¥ F K T w0 BBk + 0! ao
e]

(1 + o) j=o (@ - XDED Lo Ly Cn)imnta(l + o)
® ntJa 2 q:bq'k(-l)kck = bn-h(—l\b (k + h - §)i(L - c):dc
2[ all + o) (a - k)'k! /. R h+k+1 (h - 3)!
) k=o o (n - h)!la(l + o] i 3
(B1O)
Now
1
k+h+1)! 3 -3
( ) f £3(1 - )™ gt = 2 (B11)
Jik +h - 3) Y

q n
o & KL )EgE T pBB(_1)R
13:2/’ n! Jo > g (1) 0 Z (-1) (k+h+i)hl/(l-t)k(l-crt)hdtdc

o all+o) Lo (a- KK D (n - on)mta(l + o) o

5 % q!bq'k(_l)k i n!bn_h(—l)h i (-l)-jl“ <j +k + %) r <h -+ %)
L

L (q - k)¢ £ (- h),ah+k+2 £ (h - )k + 3 + 1)
(B12)
n+q+1  _
o0 e Cﬁb[l'*'gh( G)]7h( o)da
Te = hti (B13)

8 o
h=0

o)

where gh(o) > 0 and 7h(o) are integrable if O < o < .

Tt will be shown that results from I, are zero for x < Bb.
Therefore, if the plan form is restricted so that c¢o < Bb, I4 may be
ignored and

k+1
]

NN =
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n f Jd .1 n+q+1-J yd
LU L RS el £+ v ol
MHO+QMEL | g4

b Co J:o(n-,j)lf<%+l (a+1+1-

i1 + (-1 <§_%_i + %)

\/? an+q+2“ <n_i—% . %)

2

q n h 4 3 1
. 2 Z q!bq-k(—l)k Z n!bn-h(-l)h E (-1)r (J +k + §> r (h -3+ §>
% rd {q - xjt = (n - n)iahtk+2 = (h - 3k + 3 + 1)

(B14)

x  INVERSION

The next step is the x dinversion of (Bl4k). Note that the transform
variable A appears only in a finite sum of terms of the form

1
m+1 v+1
AN T

(V =0,1,2, . ..,0n+q+1)

2MsA s2
+

a2 = BENZ 4 —

Therefore 1t is sufficient to consider only one such term.

Define
- _ m!
F, = NOFL_VH1 (B15)
[0
Taking the x dinversion, we have
Fo(x) = — /ﬁe%XEde (B16)
2ni L

where L 1is the path of integration in the complex plane.
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If the following convolution theorem for Laplace transforms is

employed.: .

f £t - t')g(tt)dt! = -E—i‘afeSt-f(s)g(s)ds (BL7)
(o} L

where f and é are the laplace transforms of f and g, respectively; then

(Bl6) becomes
X Ax?
- m 1 an
£,(x) =f (x - x') ax! 21ci_/; eaV+l
o

From reference 12, page 239, no. 19,

v/2 2
1 RS . e ax' ~Msx'/B aI sx! 'S0
o V1 28 € via\7z_ /)’ x>
kL Q6 BF 1+_‘_‘[; Ba
2 2

=0, x!' <0 (B18)

where Iv/z(sx’/ﬁaa) is the modified Bessel function of the first kind.
Therefore,

F(x) = f(x— m, -Msx' /B a( > W2<sxa>dx' (B19)
Bf( o (32)"

CHORDWISE INTEGRATIONS AND PARTTAL DERIVATIVES

WITH RESPECT TO x

Replacing m!/N AL YT by Ty(x) in equation (Blk) gives the weighted

integrated potential which is still transformed with respect to time, that

is,

q
5(X’Y)S)dy

b

o\ o
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_ 1 mle%xd% 00 e—ab(l+gh)7h(g)dg \
Cn = 33 \IHL h+1 (B2k)
L o «
b - 2 [ rytee [T xRt e 2 [ o DTG Mooy (225)
AL S A (/%) [

Case a; h # O

© . '/8
5, -1/ 7h(0)dofx (x - )% /PR fx Io[s/ﬁa JOE/8%) - “2] fla)au (B26)
[o] [=]

(s]

reference 12, page 228, no. 13, where

f(u) =

1 f 87\'[H~b(l+gh)]d7\:
2ni L 7\'h

therefore

ooy = (1 +g )10

il

5 uzb(l+gh)

f(u)

it
(@]

u < b(l + gy)

Therefore Gy = O for x'/B <b(l + g,) and therefore for all
x < pb(1 + gp)s hence for all x < Bb since g, > 0.

Case b; h =0

o X ' 1
G - %f 7o(°)d°f ( | (x - x,)me-Msx /Bzaxo[s/ﬁa ﬁx'a/ﬁz - v3(L + g0)2] ax! XT > b1 + gg)
° Bb l"'go

o &=
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1
Go = O if %T <= <p(1 +g)

If the integrations preceding equation (B6) are carried out in detail,
it will be noted that for n and q both even, g > 1. Therefore, when
n and g are both even, eguation (Bl4) is valid under the less limited
restriction c, < 2bB.
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APPENDIX C

GENERALIZED FORCES FOR INDICTAL TIME DEPENDENCE

The formulas in the preceding section are for an arbitrary time
dependence. In this section the specialization to an indicial time
dependence is made. After the t inversion, a large part of the com-
putations corresponds closely to reference 3, but it is included for
completeness and because of the inclusion of absolute value signs on
the odd spanwise modes.

From equations (B22) and (B23) define
Co vz
=l = H -Msx'/p%a [ax! sx'>
f = 4 —— e t
v g(s)JC xt e o Ty/o 52, dx (c1)

For indicial time dependence g&(s) = 1/s. Now, fVI'l is the inverse
of £, that is,

c v/ia
o1 eSt ° 9 ‘MSXY/BZa ax! sx!
fV = e —S—'dS xt e —2—— I’V/E - dxft
2niJg, o s a (ca)
and
SF M .Co 2 v/iz -,
v o1 st b -Msx'/B%a [ax! sx'
= —— e~ ds x'' e -_— I,/ (=5 ax!
3t eni Jr, o 2s p%a (c3)
Applying equation (BLl7) gives
Co -t
fvﬂ = Jf x'udx'd[ F(x',t")dt’ (ck)
o o
where
v
(3) 5
v/2- -
F(x',t') = lat (M + 1) - x' 1732 = atr(u - 10177 1/2

v 1
J?Ef(é'+ §>
for at'(M - 1) < x' <at'(M + 1)
F(x',t') = O elsewhere

(ref. 12, p. 277, no. 5).

oD
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Now at'(M - 1) < x' < at'(M + 1) implies

a(M + 1) a(m - 1)

and this gives three possibie cases depending on 1t and cg4

Case 1:
/ o
Ta(M o+ 1)
Case 2:
Co < Co
a(M + 1) a(M ~ 1)
Case 3:
[¢]
O < t
a(M ~ 1)

The areas of integration of fvp are shown in sketch (g).

' 1 t'

Y= TM-Te t

/ / /
o

P=™+Ta 1

€o
Case | Cose 2 Case 3

Sketch (g)
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Case 1: at(M + 1) < cg

v
1
=) Ba at{M-1) x'/a(M-1) ) i
e M —@——— { /F x"Hax! f [at'(M + 1) - x']w2 Uz[x’ - at'(M - l)]w2 T2

v J7 F(é . 5) Jo x'/a{M+1)

M t
+ [at( +l)x'“dx‘f fatr (i + 1) - %717/ 27200 < an(m - 117 F T Fae (c5)
Ya(M+1)

Yat(M-1)

[

Letting t' = (x'/B%a)(M-cos @) and interchanging orders of integration
gives

2p+v+2( pHV+L Ve a
si
fv“ f n'¢ 4y (06)
(M - cos >p+v+1
2 .Jn (b + v +1) > P
Iet
cos ¢ = (1 - M cos 8)/(M - cos 8)
H+V+1
fvH = p(at) sin’6(M - cos 6 )" ae (¢c7)

—2VJ?Xu +v-+lﬂ‘< > ]ﬁ

Case 2: at(M - 1) < cg < at(M + 1)

£y

l>

= B _ ' M- )

Mo __ga_i__ [*at(M l)x'“dx' fx fal l)[at'(M L1 - XI]v/z-Lle[X' - atr(M - l)]vlz YEN
./nI‘(_‘é . %) x'/a(M+1)

¢ " ) _
+f ° x'udx'f [at'{M + 1} - x']wz llz[x‘ - at'(M - l)]w2 Uzdt' (CB)
at(M-1) xYa(M+1)

AN F o
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When the same substitutions are used as for case 1,

VL arc cos[M-(cy/at)]
at )
fvu B( ) sinVG(M - C0Ss 9)“(19
2V T (p+v+1) ( >
Cop+v+1 arc cos[M-(B%at/cq)]
.\ sin'o a8
o
f(u+v+l)F< )(23) (c9)
Case 3: c, < at(M - 1)
&
=) pa ¢ " fa(M-1) v, 2= via-1
£ b= é Ox.udvafx fel (at'(M+ 1) - x]"® YR et - 1)17F " (c1o)
&F<—5 *%> %t fa(M+1)
o MAVHL 1(
s H ° : j sin'p ae (c11)

(EB)VVG?(&L+-V + 1)r (g.+ %)

It is now convenient to introduce the following nctations:

at
£ = =2
o] CO
6, = =« O<to< e
1 = =M+ 1
1 1 1
= arc cos (M = — t <
< to) M+1S"°>1-1
1
=0 t >
°©=M-1
1
62 =0 0 < to v
2 1 1
= arc cos{M - Bt < t, «
( o) FiTStesyT
== to 2 L
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Then equations (C7), (C9), and (Cll) may be written

SV v [O2 b
£, = Bt P YT f sin¥o(M - cos 9) a8
Ju T < > + v +1) ©
O2
. / sin’e d6 (c12)
2%
B o

In finding va“/Bt it is seen that

o M !

Gl
v Blu + v + L)t f sin'8(M - cos 9)"ae
e}

EVJ}'F<% +%>(p + Vv + 1)

+ PtoF T tsinve, (M - cos 6,)7 —* + 3 sin¥0, —= (c13)

The last two terms on the right-hand side cancel, and

5p M sac M p+V
LA ° T sin%(M - cos 8)"as (c1k)
ot
2V J7r (%
Define
B 91 W
I, = f sinVg(M - cos 6) d6 (c15)
o
~ 2
I, = f sin’s a6 (C16)
o
If EV“ is replaced by the right-hand side of (C14) in equation (B22),
then
j < >f BCP(X,y,t)
=. y dx
dt

MmN - e
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s

can be evaluated. Similarly, replacing EVH by the right-hand side
of (012) in (B23) yields an expression for

INONNE:

If these expressions are substituted into equation (Bl), using (C15)
and (Cl6) and the time zones following equation (Cll), the following

5@(x,y, t)

dy dx
Bx

formula for the induced fcrce coefficient Qflg(to) can be written
n+q-
) 1+ (-1)7]

BRI
Q’I’)‘“(to)_ Z<><(n+q+l-j y<>(m+Jp+1-z)IJl

m+1 +p+1+
(-1) m‘.p'.tom pHit] WP (-1) Mm!p' ( 1 5 .4 MAP+I+1y m+p>
i J+1 J ° J

(m+p+ 1)} d (m+p)i(m+p+J+1)

+

m-1 1
+ Mmzcn‘l> (-1} (l I+ tOJ+2+1:J_1>
. P/ (m+p- 1)(5+ 1+ 1) Npdtt
=0

m
t m+1 mn+p+q+2
2ntq!(1 + (-1)"] Y n i 1 + (-1)" mlptegt P [oPTL
) LN o s o a1 - 7) Btan : ey
B+ a -+t p (m+p+1-1) (m+p+ 1)
=0
l) Mo'p: 1 7 WAN+p+G+z (I

+ (m + p)! ((m +n+p+4g+ 2) (En+q+2 In+q+l + tgy I]:Il+q+l

m-1 .
Mm -1 (1) ( 1 ¥ n+q+l+a L1
* > I +t 1
z<l (m+p-1){1 +n+q+2) pota+a n+q+1 o n+q+l

i <>Q' k n nt <%>n_h(-1)h i ('l):’[‘ <j +k + %) T <h -1+ %)

2
TR C k) hk( 1y .
L (a-Xt S ar (%Jfl = P Lok + g+ 1)t
2 h+k+l+1 m+1
Z(> (-1} 2 + (-1)" "m'pt 4 mp+htk+a P+

(m +p +1- Tw+p+1-1) btkna (m+p+1)t ° h+k+1

(- l)mMn'p' 1 I t h+k+m+p+2 m+P
h+k+2 h+k+1 [¢] h+k+1

(m+p)i{m+p+h+k+2)

1
- -1) 1 ¥ h+k+l+2 L1 > ol
* Mmz< > (m+p- 1)(7. +h +k + 2) \ph+k+2 Theksr * o Thek+a (c17)
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APPENDIX D
SINUSOIDAL TIME DEPENDENCE

From appendix C, equation (Cl),

o fco e -Msx'/B%a ( > via V/g( :;) ax? (c1)

For sinusoidal time dependence

<
1]
ol

1
s - iw

g(s) = (D1)

As in appendix C, £,* 1is the inverse of f#, that is,

v/a

st o
fp=lf e dsf ,p-Msx/Baax ( >dx'
vV T omig s - iw 2s Tv/2 B2
L o]
c - 1 2
oX'udX‘ 1 oSt (Msx'/p2a) x! < >
2ni s - iw 28 V/2
L

¢}

(D2)

where L is a line in the complex s plane parallel to the imaginary
axis.

Now

'>V/2

2,

IW2< > P <-s3-2‘- cos e) sin’6 d6 (D3)
FeGph T

Substituting (D3) into (D2) and interchanging orders of integration gives

o =[c = %B> >f sin’6I1,d6 ax’ (D)

oL
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! 1A
Mx +_x 208 é) o 4=
+ e

s|lt-
I, = _};x/p e Bza Bza
L

The integrand is regular in the
complex s plane except for a simple

pole at s = iw, as shown in sketch (h).

!
If t - Mé— +oxt 98 6
B=a B=a
than 0, the path can be closed to the
right, and the integral will equal O
since there are no singular points
enclosed. If t -~ Mo’ - xr 228 o is
BZa BZa
always greater than O, the path to
the left can be chosen, as illustrated
in sketch (h), and the value of Iy
will be the residue at s = 1w, TFor
other t, the evaluation of I, 1is
more complicated. The concern is
only with the steady-state sinusoidal
case, or

MXI 1
- . X cgs 6> >0
B<a B=a

is always less

Now

Mx! x'cos é> Co
max =

+ =
pa BZa a(M - 1)
Assume
Co

t >

Then

B%a

Mx' x'cos 6
ds

Bza —
s - iw

43

Re s>0

(D5)

a(M - 1)

Il=26

Mx! wx'cos
iw <%- 52 (
cos

p%a

Sketch (h)

(D6)
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iwt Co -iwMx'/B3a v /2
Mo 2e ! 1
£y" = / x'Me 3‘—> dx! f cos (2XL98 9) 510V a6
Jrx T (% + ;>‘O eh o) 8%a
2 2

(D7)

Now

v/2<;:;> - - <:> ) os <£—"”B;%—9> sin’6 46 (D8)
T

With the substitution of equation (D8) into (D7),

C
L dw by ! /B2a > ( > ,
o = e %(\ V/z ax (D9)

ofy,
ot

for v > -1l.

and

= fwf ! (D10)

Introduce the dimensionless frequency parameter , where ® = wco/a,
and let x' = cpx

v/2
oo VLt —1me/B Tx
£ = ey [ ERN =) o (D11)

Define

Iv/gu E[ -1—Mx/[32< w>v/z Wz( > - (12)

For v'= 0 this is the £ function of reference 13. If v 1is even, the
recurrence formulas for Bessel functions can reduce equation (D12) to £\
integrals and similar integrals with the Bessel function of first order.
IT v is odd, the Bessel function in equation (D12 can be expressed in
trigonometric functions.

NI =3
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As in appendix C, EVP can be replaced by fvu, by means of equa-
tions (D11) and (D12), in equation (B23) and by iwf,” in equation (B22),
and the resulting expressions can be substituted into equation (B1).
Then, with the amplitude defined by

(@) - i et

. " /é>n+q J[i . (-1)3} n ,
W@ =5 4-) Qb(é [1‘32“3) T

j:o(n-j)ll"2+l>(n—j+q+l) (mep+l-1)
N

m
(-1)* 1 (-1) m!p! 7/ _mip i LPHL
+ mM — TP b el ML, s
m+p_z) J/e2 (m+ p)! J/iz "Tm+p + 1 L2

b1 _ n+l & - 1
- ‘n-G.-[i i ( 1)3 ] ECZ(% (—("L)——"— Ixz1+q+1
Ar( 77 5) :

m
1! (-1)"m!p! mip ie mAp+1
+ + ————— M [, - —————e ]
) (m+5p -1 (n*qﬂ)/ (m + p)! m(n»qu)/a m+op <+ i I(n+q+1)/’2>

n i q! <‘2i Cl_k(-l)l(»;ﬁ n! (%}n_h(d)h Z \J +k o+ —> (1 -+ l>

AJT ~ k) / 1!
P O TR S (k_;_h . 1) £ kv g -
m 1 m-1 5

_ /; (-1) P N -> (-1)° i

. {m 2 m-1 i

1w i —_— 1 v + mM —_— T i

L Z \1> (m+p+1 -1) (htk+1) /2 L < L/ (nrp - 2) (hk+r) /2

l=0 1-0

( '1)mm!p! < m+p & m+p+1 >
FURSTARLLI IR Yy § P N |
1 (h+k+1) /=2 Z (h+k+1) /=
(m + p) +1)/ m+7p -1 +k+1})/2 (Dl3)

- e
For the case w = 0, an(w) reduces to the steady-state result.

1 = via -
. -1WMx
lim I,,,,7 = 1im f xMe /B <2w> ,,,2< dx

T—o W0,

_ \lx(gﬁ)dx
/ <+1> (25)P<—+1>u+v+1) o

and
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T 1 wt(vsz) ., 1
L2 —\/- vl 3 dg = (D17)
0 —v/2 v
w B+ =+ 1
(rge3)
Now
M W 1
I,,251,,, = — (D18)
il <u + ¥ 4 1}
Ve
Therefore
. H 'H v
lim Iy, < 1im I, =0  for ¥ >0 (D19)
Q>0 B0 2
and
R T v
mlimoo 101,,, =0 for z>1 (D20)

Assuming % 0 and using the relationship

E(WZ)HJWZ(-B%) e dig [E(V/2)+1J(v/2)+1<E§E>J

" pZ fm p-1 ~iME/B2Z 4 [ (v/iz)+1 (E)}
T = —— 4 J 2] a

W

Integration by parts ylelds

2 -iM®/p2 - -1
15/2 = B e /B J (—(‘9— + QiMIPL
2V/zm(v/2)+1 (v/2)+1\p2 (vi2)+1

_2B%(p - 1) k-2

T Hvzn (p21)

Using equations (D19) and (D20) on the right-hand side of (D21) yilelds

lim Iy, =0  for -;-> 1, w40 (D22)
U
lim i®WI,,, =0 for £>0, u #0 (D23)
—r 2
-1
For p > 1, the process can be repeated on EiMI?V/2)+1 giving
lim i6I,,,=0 for Y>-1, u#0,1 (D2k)
W~ oo 2
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Therefore, as ® = © all terms drop out, except possibly those containing
1,0, 1WI.°, iGlyt, iWI%/2, and 1WI°.

1%I,°

I

st O
1wl

T o-iwMx/pE B
im\fe /® §%>Jl G’é dx
¢}

-1p2 le'imMX/Bgi‘- 4 g (mx dx
. W/ dx  © EE

e}

1l

Integration by parts gives:

- 2 i 2
1mIl°=-—12—B_— oI/ Io <%> + %’I I + 222 18 (D25)

W 20

From equation (D18)

1 o 1
3o =3
Therefore
lim 1%I,° = 0 (D26)
w—> co
i%19,,
By means of the relationship
2
= f— sl
J1/2(z) ,ﬁz sin z
iélg/g can be integrated immediately
o 1B -16/(M+1) -16/(M-1)
1wl = — M+ 1)e - (M=~ 1)e - D2
1/2 TNE: ( ) ( ) 2 (D27)
and therefore
lim i&I,,, = O (D28)
W — oo
10Ilg?t
From equation (D21)
-iM5/p2 -
1Bl = ipZe J1 Za% - 2M&I,° (D29)

N F =
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Therefore, by equation (D26)
lim i®Ig' = 0 (D30)
W
o
Is =
o _ 1 -iMe/p2 ( £
= = - £
Io _u_jf e JO 52 d)
o]
oC s 2 E
Now, f e 1M§/B Jo (—‘5> d€ 1s the Fourier transform of Jo <—§-2>
4 B B
Since the transform exists,
lim Io° = © (D31)
W >
10I,°
0] 00
— M
1im 1%I.° = if cosI—‘/I—é-Jo (-—éé dg +/ sin—iJo % dg
W—oo 5 B B 5 B B
From reference 10 the first integral equals O and
o0
lim iGI," = / sin M—é Jo <i2> at = B (D32)
WW—>co \O B B
Therefore, all terms drop out in equation (D13) except those
containing imoo and
n+q
@
-Pq — T2
QY [© = o] = (D33)

Mo +q+L(m+p+1)
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TABLE I.- GENERALIZED INDICIAL FORCE, fol (to), FOR M=1.2, A=h
n=0, g=0
LO m=0 =1 m=e m=0 m=1 m=2 p m=0 m=1 m=2
a. -3.333 2 -1.111 | =0.8333 | -0.6RET
.0bshs -3.296 -1.008 -.82k2 - FROY
051 -3.262 -1.085 -.8158 | -.és80
Al -3.229 -1.07C -.8083 -.4583
-3.198 -1.053 -.6o1T -.fA1S
-3.27 -1.033 R - e
-3.1%3 -1.010 - T92A -
-3.119 -.983 | -.Te0d | -
-3.0% -.9525 -
-3.076 -, 0166 -
-3.059 - 8751 -
-3.156 -.81h7 -
. -3.316 -.815¢ . -
1. -3.47A -.8330 | -.95 -
1. -3.626 -.8578 | -1.00 -
1. -3.765 -.88a | -1.088 - 7
1. -3.5893 -.018¢ | -1.083 -.q02A
o, -4,011 -.9531 | -1.115 -1,013
2. -4.120 -.6801 | -1.14k -1.030
z -L,221 -1.027 | -1.169 -1.043
o7 WLL3s -1.066 | -1.192 -1.053
o U, Loz 1,106 | -1.211 -1.062
3. -4 482 -1,1k7 | -1.208 -1.048
3 -L,557 -1,18¢ | -1.2k2 -1.072
3 -, RoA -1,232 | -1.254 -1.075
3. -4,68u -1.274 | -1.263 1.0
L —h, ThA -1.315 | -1.270 -1.079
4 4,798 -1.355 | -1.275 -1.07¢
4 -4.84% -1.392 | -1.278 -1.080
L, -4.87h -1.423 | -1.280 -1.080
5 ~4.8¢5 -1.bk2 | -1.281 -1.080
n=0, q=1 or n=l, q=0
G. 3,333 | -1.067 | -1.111 -1.667 | -1.111 | -0.8333 2 -1.111 | -0.8333 | -0.6AF7
-3.260 | -1.633 | -1.091 -1.627 | -1.087 -.8176 -1.580 -.8152 -.£538
-3.192 | -1.667 | -1.081 -1.586 | -1.066 -.8078 -1.061 -. 7988 el
-3.130 | -1.588 | -1.080 -1.5k2 | -1.0LE -.8035 -1.034 -.78Le -.6L0S
-2.072 | -1.57% | -1.085 -1.h97 | -1.033 -.8ok1 -1.00A - TT1L - .A306
-3,01G | -1.570 | -1.096 -1.5%50 | -1.021 -.8090 - 9165 | - 700 -.6418
-2,971 | -1.5A9 | -l.112 -1.ko2 | -1.01h -.8174 -.gkliz | -.7520 - AL
-2,92 -1.575 | -1.130 -1.353 | -1.009 -.8287 ~.5090 | ~-.7hks59 - AShe
-2.88a | -1.585 { -1.151 -1.30h | -1.00% ~.8hee -.8708 | -.7he6 - AR
-2.854 | -1.599 | -1.17h -1.255 | -1.013 -.8571 -.82¢0 | -.7423 -.AT51
-2.803 | -1.618 | -1.197 -1.205 | -1.020 -.8729 -, 7836 | ~.745k - A8
-2.868 | -1.732 | -1.302 -1.13 | -1.081 -.0L78 - 70RO | -.7841 - ThbE
! -2.979 | -1.837 | -1.385 -1.143 | -1.,14k 1} -1.009 -.6500 | -.8273 -.7929
1.136 -3.095 | -1.926 | -1.451 -1.160 | -1.201 | -1.059 -.693h | -.847S -.8302
1.36k4 -3.206 | -2.002 | -1.502 -1.20k | -1.251 | -1.0%8 - 70k | -.9036 -8
1.591 -3,310 | -2,066 | -1.543 -l.2bk | -2.295 | -1.130 -.T7199 | -.93FR0 -.8901
1.818 3,406 | -2.121 | -1.575% -1.285 | -1.333 | -1.1% -.7390 | -.9ho -.9113
2 -3.495 | -2,167 | -1.600 -1.328 | -1.367 | -1.176 -.7608 | -.9906 -, 0284
al -3.578 | -2.206 | -1.620 -1.371 | -1.3% | -1.193 -, 7847 | -1.013 -.olo2
2 -3.654 | -2.239 | -1.635 -1l.415 | -1.822 | -1.2 -.8105 | -1.03k -.9532
2 “3.706 | -2.267 | -1.647 -1.459 | -1.E4h | 21,216 -.8379 | -1.052 -.9%19
2 -3.792 | -2.291 | -1.655 -1.502 | -1.43 {-1.223 -.8667 | -1.067 -.9A8T
3 -3.854 | -2.310 | -1.662 -1.545 | -1.479 |-1.229 -.8967 | -1.081 -.9738
3. -3.912 | -2.325 | -1.666 -1,587 | -1.kg2 |-1.233 -.9278 | -1.092 ~.9775
3.6 -3.966 | -2.338 | -1.670 -1.628 | -1.503 |-1.236 -.959 | -1.102 -.9802
3.864 4,015 | -2.348 | -1.672 -1.668 | -1.512 |-1.238 -.9920 | -1.110 -.9820
4.og1 -4,061 | -2.355 | -1.673 -1.706 | -1.518 | -1.239 -1.024 | -1.116 -.0831
4,318 -4,102 | -2.360 | -1.67h -1.7k2 | -1.523 | -1.240 -1.056 | -1.120 -.9837
4,545 -h,138 [ -2.363 | -1.674 -1.775 | -1.526 | -1.240 -1.087 |-1.123 -.98L0
4,773 -4,168 | -2.364 | -1.674 -1.804 | -1.527 | -1.240 -1.113 | -1.124 -.98k1
5.000 -4,187 | -2.365 | -1.674 -1.822 | -1.528 | -1.2k0 -1.131 | -1.125 -.9843
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TABIE I.- GENERALIZED INDICIAL FORCE, Q}Zﬁ (to), FOR M=1.2, A=Lk (Cont'd)

UNIV + o>

1.
1.
1.
1.
) 08
o, -1.A55
5. -1.70¢
3. -1.vha | -1, 78 -.003G
3. -1.765 1.801 -1.028
3. ! LB13 1,000
3. ge3 -1.008
i, 830 -1.133
L. 33 -1.15¢
4, 3G -1.203
L L -1.735
5. Lo -1.05¢
]
n=l, g=1
0. 0 ISERTI E-3 1 2 -1.481
.ohshs -hzo8 | -2, -1.431
.00091 -haRL o, -1.380
L136h -h,034 1 -2, -1.3¢0
1818 -3.917 | -2, -1.275
.2273 -3.809 | -1. -1.22
every -3.711 | -1.982 -1.172
.318¢ -3.621 ] -1,977 -1.101 ¢
L3634 -3.540 | -1.97¢ -1.037 -8
L5091 -3.4A0 1 -1,988 -G08 -.g1ce
L4Shs -3.506 | -2.003 -.9017]  -.0110
L6818 -3.35 | -2.109 - TRE3 -.0380
L9091 sall ] -.T085)  -,0735
1.136 -3.hozx ! _2.c - ATOT 1,007
1.364 3,564 | -2.36 -.6035] 21,037
1.591 -3.A3% | -2k -.7531] -1.084
1.818 ~3.090 | —2.4T
2.045 -3.757 1 -2,
2,273 -3.813 ] -2,
2.500 -3.867 | -2,
2727 -3.917 | -2.602
2.955 -3.965 | -2.6
3.182 -4,011 | -2.641
3.409 -%,055 | ~2.656
3.636 -h.0G7 | -2.658
3.8qL 4,138 1 -2.A77
L.001 L1l -2.R8hL
4,318 -L.21h | -2.490
+.5hs -L, 250 | -2.493
-

773 -4, 281 L. Q0%
D00 -h.3058 | -2.A06 | -1, o0r

A




Sk

TABIE I.- GENERALIZED INDICIAL FORCE, in (t.), FOR M=1.2, A<h (Concluded)

n=1, g=2 or n=2, q=1

t o hs) m=0 m=1 m=2 P m=0 m=1 m=2 D m=0 m=1 m=2
0. o] -6.667 | -3.333 | -2.222 1 -3,333| -2,222 | -1.667 2 -2.022 | -1.667 -1.333
Lobshs -6.376 § =3.155 | -2.137 -3,181{ -2.127 | -1.601 -2.122 | -1.595 -1.280
09091 -6.109 | -3.082 | -2.080 -3.027| -2.043 1} -1.552 -2.024 | -1,530 -1.239
L1364 -5.866 | -2.993 | -2.0L5 -2.873| -1.970 | -1.520 -1.926 | -1.473 -1.211
.1818 -5.645 | -2,923 | -2.030 -2.721{ -1.908 | -1.501 -1.828 | -~1.423 -1.192
L2273 -5, 4L | 2,873 | -2.030 -2.572 | -1.858 | -1.493 -1.728 | -1.380 -1.182
.eTet _5.264 | -2.839 | -2.0k1 o ko5 -1,818 | -1.495 -1.627 | -1.3k4 -1.180
3182 -5.103 | -2.820 | -2.061 -2.284| -1.789 | -1.50% -1,525 | -1.316 -1.185
L3636 -h.960 | -2.813 | -2.086 -2,147} -1.770 | -1.518 -1.420 | -1.295 -1.164
.hogl _4.835 | -2.818 | -2.116 -2.017| -1.760 | -1.536 -1.314 | -1.282 -1.206
L4sks _L.726 | -2.833 | -2.1k6 -1.893 | -1.759 | -1.5%6 -1.207 | -l.276 -1.220
L6818 -4,605 | -2.954 | -2.290 -1.651 | -1.809 | -1.655 -.08631 -1.299 -1.29k
L5091 -L.638 | -3.073 | -2.h403 -1.56L4 | -1.872 | -1.736 -.8938| -1.337 -1.3%
1.136 4,699 | -3.17h | -2.k89 -1.525| -1.930 | -1.800 -.8394| -1.375 -1.L06
1.364 b, 766 | -2.258 1 -2.555 -1.507{ -1.981§ -1.850 -.80k4} -1.409 -1.446
1.591 -%,832 | -3.329 | -2.607 -1.503 | -2.,025 | -1.889 -.7816| -1.439 1,477
1.818 _4.896 | -3.388 | -2.647 -1.508 1 -2.064 | -1.,921 - 76Th| -1.467 -1.503
2,045 ~hog57 | -3.438 | -2.479 -1.519 | -2.098 | -1.946 -.7599| -1.492 -1.524
2.273 -5.015 | -3.480 | -2.703 -1.535 | -2.128 | -1.966 -.7579) -1.514 -1.540
2.500 -5.070 | -3.516 | -2.722 -1.554 ) -2.159 | -1.981 - TOT -1.534 -1.553
2,727 -5.123 | -3.546 | -2.737 -1.577| -2.178 | -1.99%4 - T677| -1.552 -1.56k
2.955 -5.17k | -3.572 | -2.748 -1.603| -2.198 | -2.003 -.7786| -1.569 -1.572
3.182 -5.224 | -3.593 | -2.7% -1.631] -2.215| -2.010 -.7933| -1.583 -1.579
3.409 5,272 | -3.611 | -2.762 S1.461] -2.230 | -2.016 -.8116| -1.595 -1.583
3.636 -5.319 | -3.626 | -2.766 -1.693| -2.,243 | -2.020 -.8336%| -1.606 -1.587
3.864 -5.365 | -2.637 | -2.769 -1.728| -2.253 | -e.o022 -.8562| -1.615 -1.58¢9
4,091 -5.411 | -3.647 | -2.771 S1.764 | -2.261 | -2.02k -,888L] -1.623 -1.591
4,318 -5, 456 | «3.653 | -2.772 -1.803{ -2.267 | -2.,025 -.9210| -1.628 -1.592
L. 5ks -5.499 | -3.657 | -2.772 -1.842 | -z2.271| -2.025 -.9504| -1.632 -1.592
L.773 -5.540 | -3.660 | -2.772 -1.880 -2.274| -2.025 -.9925} -1.635 -1.592
5.000 -5,571 | -3.661 | -2.773 -1.910| -2.275 | -2.026 -1.021 | -1.63A -1.593
n=2, q=2
0. o | -10.67 -5.333 | -3.5%6 1 -5.333] =-3.5% | -2.667 2 -3,556 | -2.667 -2.133
LOLSkS -10.09 -5.057 | -3.383 -5.,031] -3.366| -2.53L -3.357 | -2.523 -2.02¢
.09091 -9.563 | -4.831 | -3.263 -4,732| -3.199 -2.435 -3.,164 | -2.39% -1.943
L1360k -9,087 | -k.6hg | -3.186 -4.4387 -3.057 -2.35 -2.97h | -2.284 -1.883
.1818 8,660 | -4.,508 | -3.143 -4.152| -2,936 | -2.321 -2.787 | -2.187 -1.842
L2273 8,277 | -4.bol | -3.127 -3.876| -2.837 ] -2.297 -2.602 | -2.10k -1.817
L2727 -7.93 | -hk.325 | -3.132 -3.611| -2.759 | -2.290 -2.418 | -2.035 -1.806
.3182 S7.635 1 -4, 276 | -3.153 -3.359| -2.700| -2.296 -2.235 | -1.981 -1.806
L3636 -7.371 | -k.250 | -3.183 -3.121| -2.698 | -2.311 -2,05k | -1.939 -1.814
Lh0o91 7 1ke | -b,2hL ) -3.221 -2.899| -2.634| -2.333 -1.875 | -1.911 -1.828
.L4shs -6.945 | -h.osh | -3.261 -2.691| -2.624| -2.358 -1.698 | -1.89% -1.846
L6818 6.658 | -L.391 | -3.451 2,266 1 -2.666 | -2.486 -1.326 | -1.905 -1.9k0
L9091 -6.630 | -k.53% | -3.600 -2.096 | -2.734| -2.592 -1.162 | -1.942 -2.,020
1.13 -6.655 | -Lk.657 | -3.71h -2.003}| -2.800 -2.67% -1.060 | -1.982 -2.084
1.364 6,707 | o-b,759 | -3.801 -1.949| -2.858 | -2.739 -.9910| -2.020 -2,135
1.591 _6.762 | -b,84L | -3.868 -1.918| -2.910| -2.7%0 -.9417] -2.054 -2.175
1.818 _6.818 | -%&,016 | -3.921 -1.902 | -2.9%6 | -2.831 -.9066| -2,085 -2.208
2,045 6,874 | k977 | -3.961 -1.897| -2.996 | -2.863 -.8821| -2.114 -2,234
2.273 -6.929 | -5.028 | -3.993 -1.901| -3.031| -2.888 -.8662| -2.1k0 -2.256
2.500 -6.983 | -5.072 | -%,017 -1.912| -3.063| -2.909 -.8577| -2.163 -2.273
2,727 -7.03% | -5.100 | -4.036 -1.928] -3.090| -2.92k -.8555| -2.18% -0.286
2.955 -7.089 | -5.140 | -4.,051 -1.94kg| -3.115| -2.937 -.8592] -2.203 -2.297
3,187 -7.141 | -5.167 | -4.061 S1.97hY -3.,136 1 -2.94 -.868k| -2,221 -2.305
3,409 -7.192 | -5.189 | -4.069 -2.003| -3.155| -2.953 -.8831) -2.236 -2.311
3.636 -7.244 | -5,208 | -4.075 2,036 | -3.170| -2.938 -.9033] -2.250 -2.316
3.863 -7.296 | -5.223 | -4.079 -2.073| -3.183§ -2.9%61 -.9291| -2.261 -2.319
4,091 .7.346 | -5.234 | -4.081 2,12k | -3.19L | -2.96k -.9610( -2.271 -2,321
4,318 .7.k03 | -5.243 | -b.082 _2,160| -3.202| -2.965 -.9989( -2.278 -2.322
4,5k45 -7.458 | -5.249 | -4.083 -2.209| -3.208| -2.966 -1,043 | -2.283 -2.323
4,773 _7.512 | -5.252 | -b.083 -2,2601 -3.211 | -2.966 -1.091 | -2.286 -2.330
5.000 -7.557 | -5.255 | -%.084 2,303 -3.213| -2.967 -1.132 | -2.288 -2.324
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qﬁi(k) or éifl(w),
FOR M=1.2, A=k

(2) n=0, q=0, p=0

m=0 m=1 m=g
k
Real Imaginary Real Imaginar;” Rezl
C. 02000 -L.gg1 C. -2.633 0. 07022 -1.819
.okoos -L L, 8L3 -2.622 L1396 -1.815
0600 -4.780 -2.605 Neleges -1.828
08C00 -4 eal -2.582 eirgebit -1, 798
1000 -4, 588 L -2.552 L3343 -1.785
1200 -b.kés 1. -2.517 . 3923 -1.770
1400 -L.o3e7 1,115 2. 477 L4ks8 -1.753
1600 ST N 1.007 -2.433 Lok -1.733
1800 b1 1.275 -2.385 L53TH -1.712 .
2000 -3.8¢2 1.32 -2.335 L5748 -1.689 L3260
2200 -3.70R 1. 344 -2.282 L6064 -1.664 . 3450
2400 -3.547 1. 35 -2.229 L6321 -1.639 L3708
2600 -3.398 1,525 -2.1Th L6519 -1.613 . 3892
2800 -3.259 1.288 -2.120 L6661 -1.586 L4052
3000 -3.133 1.234 -2, 067 L6748 -1.558 Rikyele
3200 -3.001 1,167 -2.015 678k -1.531 i
3400 -2.924 1.090 -1.965 LETT3 -1.503 L4301
3600 -2.843 1,006 -1.918 L6721 -1.476 RIS
. 3800 -2.779 LOAT1 -1.87k L6631 -1.450 L LS00
L4000 -2.732 L2172 -1.832 L6509 -1 hok L5338
L4200 -2.699 . 7388 -394 L6361 -1.399 JLhaso
. 4hoo -2.680 LASLC -1.76C L6193 -1.37% HEIHS
LLE00 Lo-2.ETh L5751 -1.729 .6c08 -1.352 528
L4800 -2.678 L5035 -1.701 L5811k -1.330 LhhoT
. 5000 -2.690 , s 1677 L5613 -1.310 LALSs
55CC -2, 7he L3239 -1.628 L5113 -1.263 Lh31h
£CC0 -2.8¢c1 .02631 -1.595 Lhes1 -1.224 L4138
L6500 -2, 841 Lok G -1.573 Jhese -1.192 . 3948
7000 -2.851 LolbLé -1.557 . 392 -1.165 L3757
L7500 -2.831 L2k3k -1.543 L3653 -1.143 L3573
. 8000 -2.732 ezl -1.530 .3kop -1.12h .3ho1
.8500 -2.750 . 181¢ -1.51€6 L3210 -1.108 L3241
. 9000 -2.720 L 116 -1.503 . 3000 -1.094 . 3090
L9500 2,712 LohOS -1.490 .278L -1.081 L2947
1.000 -2.729 -, 03307 -1.480 L2561 -1. 069 . 2809
1.100 -2.812 -.130¢ -1.467 L2118 -1.050 L2544
1.200 -2.889 -, 1506 -1.464 L1730 -1.035% .2293
1.300 -2.911 -, 1Lh6k -1.565 L1423 -1.02k LE0P)
1.400 -2.902 - 1785 -1.h66 L1269 -1.016 L1853
1.500 -2.919 - 2kl -1.ke6 L0928 -1.010 e
1.600 -2.98¢C - 2964 -1.469 L0691 3 -1.006 L1490
1.700 -3.Ckg -, 3040 -1.475 LChTs 7 -1.003 .1328
1.800 -3.086 -.287 -1.4384 . 02982 -1.001 L1179
1.900 -3.095 -, 2844 -1.ko2 L0153 -1.001 L1043
2.000 -3.109 -. 30717 -1.499 . 002358 -1.001 .091954J
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TABIE IT.- GENERALIZED SINUSOIDAL FORCE AMPLITULE,

FOR M=1.2, A=k

(Cont'd)

n=C, g=0, p=l

pq<k) or éﬁg(w))

K m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -2.248 0.1192 -1.723 0.05160 -1.355 0. 02950
. 0000 -2.220 L2352 -1.715 .1025 -1.351 .5875
. 06000 2,174 . 3hko -1.702 .1520 -1.345 .8750
. 08000 -2.,112 Lhhse -1.683 . 199k -1.337 .1155
. 1000 -2,036 L5345 -1.660 .2hbe -1.327 .1hes
.1200 -1.947 L6097 -1.632 .2857 -1.314 .1684
L1400 -1.84g L6693 -1.601 . 3235 -1.300 .1928
.1600 -1, 7hb L7122 -1.567 .3573 -1.284 .2158
.1800 -1.636 L7378 -1.530 . 3866 -1.266 .2370
L2000 -1.52 . THEO -1.490 Jhaak -1.247 L2564
L2200 -1.keo L7373 -1.450 Lh31h -1.228 .2739
L2400 -1.318 .T126 -1.4o9 LLLET -1.207 .2805
L2600 -1.224 673k -1.368 L4573 -1.185 .3031
.2800 -1.139 L6216 -1.327 L4635 -1.163 . 3146
. 3000 -1.066 . 5592 -1.288 Lhésh -1.1h41 L 32ke
. 3200 -1.006 L La8gT -1.250 LLe3h -1.119 .3319
. 3400 -.9586 L4127 -1.21h 578 -1.097 . 3377
. 3600 -.9254 . 3336 -1.180 L khgo -1.076 . 3418
. 380¢ -.9058 L2540 -1.1h9 Lh376 -1.055 .3hke
pitelos) -, 8991 L1763 -1.120 Lhebo -1.035 .3ks1
Lh200 -.90LL .10e6 -1.095 . 4086 -1.015 L3445
Jhboo -.9202 LO3kTT -1.072 . 3919 -.9965 . 3428
L4600 -.oLkL8 -.02576 -1.053 L 3ThE -.9788 . 3399
Ritise) -.97€5 -.07785 -1.036 . 3565 -.9621 . 3360
L5000 -1.013 -.1208 -1.022 . 3386 -.9L6L L3314
. 5500 -1.11k -.187h -.9969 .2956 -.9119 3171
RJelele -1.206 -.2019 -.9834 .2581 -.8837 . 3007
L6500 -1.268 -.1814 -.9771 .2278 - .8610 .2837
{000 -1.205 -.1478 -.97%0 .20L5 -.8429 L2673
L7500 -1.288 -.1219 -.9713 . 1866 -.8282 .2520
. 8000 -1.263 -.1178 -.967h L1722 -.8161 .2380
L8500 -1.234 -.1400 -.9620 .1589 -.8057 .2252
. 5000 -1.217 -.1838 -.9557 L1455 - .7965 L2134
L0500 -l.z222 -.2380 -.9kg7 .1310 -.7882 L2023
1.0C0 -1.249 -.2892 -.9450 L1156 ~.7808 L1917
1.100 -1.345 -.3ka7 -.9418 . 08459 -. 7682 L1712
1.200 -1.426 -.3238 - o461 . 05840 ~-.7591 L1519
1.300 -1.b46 -.2801 -.9527 . 03927 - . 7529 L1343
1400 -1 436 -.2952 -.9576 .o2kot -.7488 L1186
1.500 -1.45 -. 3372 -.9612 . 009649 -.T459 .10U6
1.600 -1.510 -. 3660 - .9663 -.005372 _.Thko . 09179
1.700 -1.573 -.3524 -.97k0 -.01885 ~.Th31 . 07988
1.800 -1.603 -.3170 -.9330 -.02915 _.Th32 . OE89k
1.900 -1,604 -.2995 -.9912 -.03682 - .Thho . 05905
2.000 -1.610 -.3101 -.9982 -.0b362 _.7453 . 05016
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qﬁg(k) or Qﬁi(u),
FOR M=1.2, A=L (Cont'd)

n=0, q=C, p=2

« m=0 m=1 m=2
Real Imaginary Real Imaginar:;s Real Imaginary
0. 02000 -1.L3% 0. 03620 -1.278 0. 04072 -1.079 0.02kko
. 04000 -1.413 L1668 -1.271 . 08083 -1.076 . Oh861
. 06000 -1, 377 Lo482 -1.260 L1197 -1.071 .07237
. 08000 -1.328 L3101 -1.245 L1569 -1.064 . 09548
. 1000 -1.269 L3305 -1.226 .1918 -1.055 L1177
L1200 -1.200 LL306 -1.203 .22Lo -1.0L4 .13%0
. 1400 -1.124 LLhE80 -1.177 L2530 -1.032 L1590
L1600 -1.044 L4920 -1.149 L2786 -1.018 ATTT
L1800 -.9622 L5020 -1,119 . 3004 -1.003 .1gkg
. 2000 -, 8806 Lho8L -1.087 . 3184 -.9876 L2106
.2200 -.8019 L4309 -1.055 . 3325 -.9707 .2ou6
. 2400 -. 7284 L4513 -1.022 . 3he6 -.9532 L2369
. 2600 - 6621 Jhiot -.9889 . 3488 -.9352 L2476
. 2800 -.60k6 . 3607 -.9566 L3514 -.9169 .2565
. 3000 -.557h . 3032 -.9254 . 3505 -. 8984 .2E3T
. 3200 -.5212 .2hok -.8957 . 3h6s -. 8800 L2693
. 3400 -. 4966 LLThS -.8679 . 3396 -.8619 L2733
. 3600 -. 4837 L1076 -.8ko1 . 3303 -.8441 .2759
. 3800 -.4820 L OL18L -.8187 .3189 -.8268 L2770
.4ooo -.4908 -.0207" -.7977 . 3058 -.8102 L2769
.L200 -.5090 -, o78ky -.7793 L2916 -.T943 L2756
L4400 -.5353 -.1298 -. 7634 L2765 -.7792 .2733
.Le0oo -.5681 -.1738 -.7500 L2610 -. 7649 L2702
L4800 -.6056 -.2095 -.7390 L2453 -.7515 .2662
. 5000 ~ 6LA0 -.2366 -. 7302 L2300 -.7391 L2616
.5500 -.7h85 -, 2673 -. 7166 .19k2 -.7120 .2L83
L6000 -.8341 -.2530 -.7118 L1643 -. 6904 .2335
L6500 -.8872 -.2118 -. 7120 L1415 -, 6734 L2186
. 7000 -.9033 -. 1644 -. 7137 L1251 -.6602 .20L6
. 7500 -. 8887 -.1299 -. 7146 L113% -.6498 ,1918
. 8000 -.8574 -.1199 -. 7135 L1043 -.6h12 .1803
.8500 -.8259 -.1370 -. 7104 . 09579 -.6339 .1700
. 9000 -.8083 -.1748 -.T061 . 08658 -.6273 L1606
L9500 -.8126 -.2017 -. 7020 . 07607 -.621k L1517
1.000 -.8390 -.2643 -.6989 L0644 -.6159 L1h3e
1.000 -.9281 -. 3001 -.6985 . 04057 -.6069 L1268
1.500 -.9969 - 2676 -.T0ks .02113 -.6005 L1113
1.300 -1.005 -.2853 -.7118 , 008034 -.5966 .09718
1.400 -. 9866 -.2268 -. 7169 -.00173! -.5942 . 08479
1.500 -.9965 -.2636 N len -.01179 -.5927 .07380
1.600 -1.047 -.2361 -. 7251 -, 02266 -.5918 .06373
1.700 -1.101 -.2671 -.7323 -.03231 -.5917 . 05438
1.800 -1.120 -. 2289 -, T7hob -. 03913 -.5923 .0ks82
1.900 -1.113 -.21C5 - 7475 -. 04371 -.5935 . 03814
2.000 -1.113 -.2205 - 7530 -. 04780 -.5950 .03128
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUTE, Q°3(k) or B(w),

FOR M=1.2, A=l

(Cont'd)

n=0, q=1 or n=l, q=0; p=0

« m=0 m=1 m-2
Real Imaginary Real Imaginary Real Imaginary
0.0200C -L,176 0.1433 -2.362 0.05679 -1.673 -0.02455
. 0kooo -4, 145 .2833 -2.353 .1129 -1.669 -.0L4838
. 06000 -4, 096 170 -2.339 L1676 -1.663 -.07080
. 0800C -4, 029 L5hk -2.320 .2201 -1.655 -.09116
L1000 -3.946 .6539 -2.296 L2701 -1.644 -.1089
.1200 -3.849 L7522 -2.267 . 3168 -1.631 -. 123k
. 1400 -3.740 .8346 -2.23k4 . 3598 -1.617 -.1343
.1600 -3.624 . 8996 -2.198 . 3987 -1.600 - 1432
.1800 -3.503 . 9469 -2.159 .h331 -1.5802 - 1440
.2000 -3.379 L9757 -2,118 L4629 -1.563 -.1hkos
.2200 -3.256 .9866 -2.075 L4879 -1.5k2 -.1368
L2400 -3.136 .9803 -2.031 . 5080 -1.521 -.1269
. 2600 -3.022 .G§582 -1.987 L5233 -1.498 -.01131
.2800 -2.917 L9218 -1.943 .5340 -1.476 -. 09570
. 3000 -2.822 L8732 -1.899 .5h02 -1.ks2 -.07513
. 3100 -2.739 L8146 -1.857 5423 -1.429 -.05187
. 3400 -2.668 .T48k -1.817 . 5406 -1.406 -.026L4
. 3600 -2.610 67T -1.779 .5355 -1.383 . 0005817
. 3800 -2.566 L6031 -1.743 .5273 -1.361 . 02860
. h000 -2.534 . 5286 -1.709 L5167 -1.339 . 05702
.L200 -2.514 .Ls60 -1.679 .5039 -1.318 . 08526
ititely -2.505 . 3869 -1.651 . L4895 -1.298 .1128
. 4600 -2.506 . 3230 -1.6206 .4738 -1.278 L1391
. L8oo -2.515 .2656 -1.604 LbhsTh -1.260 L1637
. 5000 -2.529 .2153 -1.585 LLhos -1.242 .1862
L5500 -2.581 L1236 -1.546 . 3986 -1.203 .2319
L6000 -2.635 . 07690 -1.52C . 3600 -1.170 L2607
L6500 -2.671 . 06234 -1.502 . 3268 -1.143 L2730
. 7000 -2.681 . 06158 -1.489 .2993 -1.120 L2719
L7500 -2.666 . 05681 -1.478 L2762 -1.101 L2616
.8000 -2.638 . 03560 -1.468 .2563 -1.085 .2h69
.8500 -2.608 -. 006429 -1.457 L2376 -1.071 .2318
. 9000 -2.590 -. 06556 -1.4k46 .2189 -1.058 L2131
. 9500 -2.592 -.1324 -1.436 .1996 -1.0b7 L2097
1.000 -2.615 -.1954 -1, 428 L1797 -1.037 .2035
1.100 -2.699 -.2762 -1.419 L1403 -1.020 .1956
1.200 -2.773 -.2910 -1.419 .1059 -1.007 L1842
1,300 -2.797 -.2897 -1.k22 .07855 -.9983 .1659
1.400 -2.798 -.3216 -1.h2h . 05551 -.9917 L1455
1.500 -2.825 -, 3814 -1.5o27 . 03350 -.9870 .1290
1.600 -2.889 -.LesT -1.432 . 01187 -.9836 L11Th
1.700 -2.957 -.boo8 -1.439 -. 007667 -.9816 .1068
1.800 -2.996 -.h135 -1.4h0 -. 02374 -.9808 . 09433
1.900 -3.010 -. 4119 -1.458 -.03692 -.9810 . 08064
2.000 -3.031 -. 4333 -1.466 -.04883 -.9819 . 06845

M = >
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TABIE II.- GENERALIZED $INUSOIDAL FORCE AMPLITUDE, Qig(k) or ng(w),
FCR M=1.2, A=k (Cont'a)

n=(, g=1 or n=1, gq=0; p=1

. m=0 m=1 m=2
Real Imaginery Real Imaginary Real Imaginary
0. 02000 -1.814 C. 08649 -1.525 0.01316 -1.239 -0, 01260
. 0h000 -1.792 LITOE -1.519 L 02622 -1.236 -. 02478
. 06000 -1.757 Lokos -1.508 . 03909 -1.231 -. 03610
, 08000 -1.709 .321¢ -1.493 L05167 -1.22k -.0he1s
.10C0 -1.650 . 383¢ -1 47k . 06387 -1.215 -, 05466
L1200 -1.582 L4354 -1.451 LO7561 -1.205 -. 06123
L1400 -1.506 LhTLE -1.426 . 08680 -1.193 -, 0656k
L1600 -1, 426 .5C11 -1.398 . 09739 -1.180 -. 06769
.1800 -1, 3hh L5137 -1.368 L1073 -1.165 -. 06727
.20C0 -1.261 shials -1.336 L1165 -1.149 .. 06L3o
L2200 -1.181 . 4987 -1. 304 .124k9 -1.132 -. 05386
L 2L0D -1.105 hres -1.271 L1325 -1.115 -. 05097
. 2600 -1.036 Lh3ke -1.237 .1393 -1.097 -.0ko81
L2800 TS L 387E -1.205 L1453 -1.078 -. 02359
. 3000 -.5028 .332¢ -1.173 .150k -1.060 -. 01457
. 3200 -.8814 Rk -1.143 .154€ -1.04L . 0CCoL02
. 3ko0 -.6509 L2CTE -1.11h .1581 -1.023 LO01760
. 3600 -. 5314 L1haf -1.087 L1607 -1.005 . 03506
. 3800 -.Ge28 LOTSTR -1.062 L1625 -.9874 . 05294
.hooo - 8oLk .011¢8 -1.040 L1636 -.970L . 07088
.heoe -.8352 -.obtol -1.020 L1640 -. 9540 .088s2
LLboo - E5h0 -.102¢ -1.002 L1637 -.9383 .1C55
.Lheco - 6798 -, 1508 -.9869 .1628 -.9236 L1216
. L4800 -.9106 -.191€& -.9740 L1661k -.909¢ L1364
. 5000 -.gh48 -.2e5e -.9633 L1593 -.8965 L1498
L5500 -1.C35 -.275¢C -.okh7 .1523 -.8675 L1761
. 6000 -1.115 -.2831 -.9352 L143c -.8438 L1912
L6500 -1.169 - 2644 -.9312 L1321 -.8247 . 1958
. T000 -1,191 -.237€ -.9295 L1202 -. 8094 L1919
. 7500 -1.188 -.219k -.9279 L1078 -.7970 L1824
. 8000 -1.170 - 2207 -.9252 . 09529 -.7867 .170k
. 8500 -1.151 - 2hhc -.9213 . 08297 -.7778 .1586
. 9000 -1.144 -. 2845 -.9168 .0710kh -. 7699 L1485
.9500 -1.156 -.332¢ -.9125 . 05964 -. 7628 L1boo
1.000 -1.187 -.3751 -.9096 . 04885 - 7564 L1355
1.100 -1.280 - h41€68 -.9092 . 02916 -. 7458 L1277
1.200 -1.354 -. 3969 -.9151 L01171 -. 7382 L1179
1.300 -1.375 -. 368z -.9226 -.00k011 -.7333 .1037
1. 400 -1, 274 -.3772 -.9285 -.01837 - 7302 . 08850
1.500 -1.398 -. 41k -.9334 -.03141 -. 7282 07626
1.600 -1.k4k57 - L37€ -.9398 -. 0k2gé -. 7270 L0673k
1.700 -1.518 - hezs -. 9486 -. 05295 -. 7268 . 05926
1.800 -1.547 -. 3897 -.9582 -. 0615k -. 7275 . 05004
1.900 -1.552 -.375¢C -, 9671 -. 06902 ~.7288 .0k018
2.000 -1,565 -. 3845 -.9750 -. 07559 -, 7306 . O31h7
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TABIE II.- CENERALIZED SINUSOIDAL FORCE AMPLITUDE, er’g(k) or Qii(m),
FOR M=1.2, A=L4 (Cont'd)
n=0, q=1 or n=1, @=0; p=2
. m=0 m=1 m=2
X
Real Imaginary Real Imaginary Real Imaginary
¢, 02000 -1.125 0.06105 -1.123 0.01349 -0.9832 -0. 00762
. 0kC0o -1.108 . 1200 -1.117 . 02681 -. 9807 -. 01499
. 06000 -1.081 L1750 -1.108 . 03979 -. 976k -, 0217k
. 08000 -1. 04k 2240 -1.096 . 05227 -.9705 -, 0276k
.10C0 -.9982 . 2655 -1.080 .06411 -.9631 -.0324k
. 1200 -. 9460 .2981 -1.062 .07516 -.95k42 -.03592
.1400 -. 3887 . 3209 -1.041 .08532 -.9kko -.03792
L1600 -.8283 . 3331 -1.019 . 09LL8 -.9327 -. 03830
L1800 -.T668 . 3344 -.9943 L1026 -.59202 -. 03699
L2000 -, 7062 . 3851 -.9688 L1096 -.9069 -. 03395
. 2200 -.6482 . 3054 -.Gko6 L1154 -.8028 -.02920
L2400 -.5949 276k -.9162 L1201 -.8781 -. 02282
. 2600 -. 5476 .2390 -. 8899 L1236 -.8631 -. 01490
. 2800 -.5076 L1947 -.8641 L1260 - 8477 -, 005623
. 3000 - L7e1 L1450 -.839k4 J127h -.8323 . 004841
. 3200 ~-.4535 . 09169 -.8156 L1278 -.8170 .01627
. 3400 - hho2 . 03650 -.7938 L1272 -.8018 . 02841
. 3600 -. 4362 -.01881 -.T736 .1259 -. 7870 .oh1oe
. 3800 - hb11 -, 07254 -.7553 .1239 - T726 . 05383
000 ~bs5ho -.1232 -.7390 .1213 -. 7587 . 06659
L4200 - hhe -.1693 -, 7248 .1181 -.Thsh . 07903
. hhoo -.501C -.2099 -.7eT L1146 -.7328 . 09094
LHE00 -.5321 -2kl -.T026 L1108 -.7210 L1021
. 4800 -, 5665 -.2713 -. 6944 L1068 -. 7098 .1123
. 5000 -.6028 -.291k4 -.6880 L1026 -.6995 .121h
.5500 -.6922 -.3113 -.6788 . 09212 -.6770 L1389
L6000 -.T6L8 -.2958 -, 6764 . 08207 -.6589 L1481
L65C0 -.8088 -.2600 -.6778 .0T279 -.6448 .1hoT
. 7000 -.8219 -.2219 -. 6800 . 06L25 -.6338 L1453
. 7500 -.8105 -.1964 -.6814 L 05621 -.6250 L1371
. 8000 -.7870 -.1925 -.6809 .0L832 -. 6177 .1273
. 8500 -.7653 -.2111 -.6789 . 04030 -.6115 .1178
. 9000 -. 7568 -.2hk60 -.6760 . 03203 -.6060 .1098
L9500 - TETL -.2867 -.6733 .02356 -.6009 .1036
1.000 -. 7963 -.3221 -.6717 . 01510 -.5963 , 09907
1.100 -.8810 -.3479 -.6735 -.0007837 | -.5888 . 09225
1.200 -.9k29 -. 3165 -.6805 -.01405 -.5837 . 08393
1,300 -.9520 -.2813 -.6884 -. 0275 -.5807 .07252
1.400 -.9411 -.2861 -.6942 -.0341% -.5791 . 06056
1.500 -.9579 -, 3190 -.6987 -. 04315 -.5782 . 05093
1.600 -1.009 -.3360 -.70k6 -.05162 -.5780 . 04384
1.700 -1.060 -.3158 -.7125 -. 05881 -.578k4 .037h1
1.800 -1.079 -.2810 -.7211 -.064kp -.5795 .03018
1.900 -1.076 -.2656 -.7288 -. 06888 -.5811 . 02255
2.000 -1.081 -.27h6 -.7353 -, 07283 -.5831 . 01585

NN F

Y
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TABIE II.- GENERALIZED G$INUSOIDAL FORCE AMPLITUDE, Qﬁi(k) or Qﬁi(w},
FOR M=1.2, A=l

(Cont'd)

=0, g=2 or n=2, gq=0C; p=0

m=0 m=1 m=2
k
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -4,928 0,1538 -2.876 0. 06354 -2.07h 0.03609
Nelelele) -4.89L4 celie} -2.867 L1253 -2.070 .07188
. 06000 -4.839 Lo -2.851 L1874 -2.063 L1071
. 08000 -4 76k L1796 -2.829 Lolis2 -2.053 L1413k
. 1000 -L.672 L6987 -2.8C1 L3013 -2.041 L1ThT
.1200 -, 564 LE020 -2.769 .3532 -2, 006 . 2066
. 1400 -4, L5 L8873 -2.731 Jheur -2,009 .2368
L1600 -4, 316 .¢533 -2.690 Chhar -1.990 . 2653
L1800 -4,181 L4991 -2.646 L4827 -1.969 L2919
. 2000 -4, obs 1.(25 -2.599 L5154 -1.947 . 3163
L2200 -3.909 1.030 -2.550 .5k2s -1.923 . 3385
Jpalite’y) -3.778 1.016 -2,501 L5642 -1.898 . 3585
. 2600 -3.654 .0BLE -2.450 L5800k -1.872 . 3761
L2800 -3.540 LG3TT -2.401 L5613 -1.8L46 . 3914
. 3000 -3 437 Rrae -2.352 L5672 -1.819 LLobh
. 3200 -3.348 L6058 -2, 304 5634 -1.792 L4151
. 3koo -3.273 .063 -2,259 <5653 -1.766 .Lo36
. 3600 -3.213 JEhah -2.216 L5833 -1.739 L4300
. 3800 -3.167 1539 -2.175 L5779 -1.713 Ji3bh
L4000 -3.137 JliB6h -2.138 .5E45 -1.688 L4370
Lheoo -3.119 L4813 -2.104 L5420 -1.664 L4378
LLhoo -3.114 . 4007 -2.073 .5%16 -1.640 L4371
L k600 -3.120 262 -2.0b5 L5129 -1.618 L4350
L4800 -3,134 L1593 -2.021 L4633 -1.597 Lzt
. 5000 -3.154 . 2008 -1.999 732 -1.576 LTk
. 5500 -3.202 - UOBELT -1.957 LLhe36 -1.531 LL129
L6000 -3.290 -, 6297 -1.929 L3779 -1.493 . 3951
L6500 -3.336 -. 08366 -1.910 . 3385 -1.461 . 3759
. TO00 -3.352 -. 08989 -1.896 . 3056 -1.435 . 3565
L7500 -3.341 -.:018 -1.885 L2778 -1.413 .3378
.8000 -3,314 ~.1332 -1.873 o0 3k -1.39% . 3200
L8500 -3.288 -.1882 -1.862 L2203 -1.378 . 3033
L9000 -3.277 -.0620 -1.851 L2072 -1.3€3 .28Th
L9500 -3.288 -, k32 -1.841 L1633 -1, 350 L2721
1.000 -3.324 - 1186 -1.833 .1588 -1, 339 L2572
1.100 -3.437 -.'1h3 -1.826 L1105 -1, 319 L2282
1.200 -3.533 -.'.336 -1.828 . 06850 -1.305 . 2005
1.300 -3.571 -.4373 -1.835 Noxlval -1.295 L1749
1.400 -3.584 -.1810 -1.841 . 005931 -1,288 L1516
1.500 -3.630 -.6549 -1.847 -. 05166 -1.283 .1303
1.600 -3.718 - 70Tk -1.855 -.0L864L -1.280 L1105
1.700 -3.809 -1k -1,867 -. 07292 -1.279 . 09200
1.800 -3.864 -.06928 -1.881 -.0u292 -1.279 . 07487
1.900 -3.890 -.0931 -1.895 - 109k -1.280 . 05920
2.000 -3.926 -.7198 -1.908 - 1ohh -1.282 .ohkL88
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TABLE II.- GENERALIZED SINUSOLDAL FORCE AMPLITUDE, Q¥%(k) or Qfﬁ(w),
FOR M=1.2, A=k

(Cont'd)

n=0, gq=2 or n=2, q=0; p=1

K m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -2.051 0. 09027 -1.839 0.0k550 -1.530 0.02823
. 04000 -2.028 L1777 -1.831 . 09033 -1.527 . 05621
. 06000 -1.989 L2596 -1.819 .1339 -1.521 . 08370
. 08000 -1.936 . 3334 -1.802 L1755 -1.513 .1105
. 1000 -1.871 . 3969 -1.781 .21h45 -1.503 L1363
.1200 -1.796 L4481 -1.755 L2506 -1.491 . 1609
L1400 -1.713 L4857 -1.727 L2832 -1.hT7T L1843
L1600 -1.626 . 5086 -1.695 L3121 -1.461 L2061
. 1800 -1.536 L5164 -1.661 . 3368 -1,k L2262
. 2000 -1.444 .5092 -1.606 .3572 -1.426 .2LLE
.2200 -1.359 L4873 -1.589 .3733 -1.hot L2612
.2Loo -1.278 L4519 -1.552 . 3850 -1.387 .2758
. 2600 -1.204 .hoh3 -1.51k . 3924 -1.366 .2885
. 2800 -1.139 . 3463 -1.478 . 3956 -1. 345 .2993
. 3000 -1.085 .2800 -1.hkkp . 3950 -1.323 . 3082
. 3200 -1.043 L2074 -1.408 . 3909 -1.302 . 3152
. 3400 -1.01k4 L1310 -1.376 .3835 -1.281 . 3204
. 3600 -.9969 .05317 -1.346 .3733 ~1.260 .3239
. 3800 -.9920 -.02394 -1. 319 . 3607 -1.240 .3258
. 4000 -.9986 -.09819 -1.294 . 3462 -1.220 . 3262
. k2oo -1.016 - 1677 -1.272 .3301 -1,201 . 3253
.LLoo -1.041 -.2309 -1.253 L3131 -1.183 .3832
.4E00 -1.075 -. 2866 -1.236 L2954 -1.166 . 3200
. 4800 -1.113 -.3340 -1.222 L2TTh -1.150 . 3159
. 5000 -1.155 -. 3724 -1.211 .2595 -1.135 . 3110
. 5500 -1.265 -. 4302 -1.192 L2171 -1.102 L2964
L6000 -1.361 -. 4409 -1.182 .180k -1.075 L2797
L6500 -1.426 - Looo -1.179 L1506 -1.053 L2625
. 7000 -1.456 -.3954 -1.179 L1273 -1.036 .2458
. 7500 -1.456 -. 3797 -1.178 .1089 -1.022 .2302
. 8000 -1.441 -. 3866 -1.176 . 09339 -1.010 .2157
.8500 -1.430 -. 4186 -1.173 .07870 -.9995 . 2024
. 9000 -1.426 -.LEo2 -1.169 . 06352 -.9905 .1899
.9500 -1.448 -. 5265 -1.166 .OL728 -.9825 .1780
1.000 -1.491 -.577h -1.16k4 . 03019 -.9753 . 1665
1.100 -1.611 -.6248 -1.166 -. 003585 -.9635 L1
1.200 -1.70k4 -.6021 -1.176 -. 03177 -.9553 .1228
1.300 -1.736 -.5720 -1.187 -.05275 -.9503 .1033
1.400 -1.743 -.5869 -1.197 -. 06987 - 9UTh . 08584
1.500 -1.783 -.6333 -1.205 -. 08680 -.9459 . 07002
1.600 -1.863 -.6588 -1.215 -.1039 -. 9454 . 05540
1.700 -1.9k42 -.6385 -1.228 -.1189 -.9460 Lok1TT
1.800 -1.982 -.5999 -1.242 -. 1304 -. 9477 . 02923
1.900 -1.995 -.5837 -1.255 -.1390 -.9502 . 01786
2.000 -2.019 -.5954 -1.266 -. 1469 -.9533 . 007583

TN
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TABLE IT.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qflg(k) or c;')mg(w),
FOR M=1.2, A=k

(Cont'd)

n=J, gq=2 or n=2, g=0; p=2

m=0 m=1 m=2
: Real Imaginary Real Imaginary Real Imaginary
0. 02000 -1.250 0.06282 -1.346 0.03%31 -1.211 0.02316
. 04000 -1.231 L1233 -1.340 L0706 -1.208 Nelltee
. 06000 -1.201 L1733 -1.330 .1037 -1.203 . 06861
. 08000 -1.160 L2287 -1.316 L1357 -1.196 . 09049
L1000 -1.211 L2697 -1.298 L165E -1.188 L1116
L1200 -1.054 . 3008 -1.278 L194C -1.178 L1316
L1400 -.9912 L3209 -1.254 L217h -1.166 L1505
L1600 -.9256 L3292 -1.229 L2387 -1.153 L1681
.1800 -.8590 . 3256 -1.202 L2565 -1.138 L1843
L2000 -.7936 L3101 -1.173 LoTCT -1.123 .1989
.2200 -.7317 . 2833 -1.1hy L2814 -1.107 .2120
.2400 -.6750 .2hs0 -1.114 .288L -1.090 L2234
.2600 -.6255 L2000 -1.085 L2919 -1.073 .2332
.2800 -. 584k L1455k -1.056 .292C -1.055 241k
. 3000 -.5529 L08711 -1.028 .28¢1 -1.037 L2479
. 3200 -.5316 . 02410 -1.002 L2832 -1.020 L2528
. 3400 -.5209 -, Ok0EY -.9778 L2749 -1.002 .2562
. 3600 -.5205 -.1051 -.9555 264k -.9852 .2582
. 38c0 -.5301 -L1E6T7h -.9355 L2521 -.9687 .2589
Ritele’s] -. 5489 -.2259 -.9177 L2384 -.9528 ,2584
.Leoo -.5756 -.2739 -.9023 L2237 -.9376 .2567
L4400 -.6089 -. 3254 -.8893 L2084 -.9231 L2541
L4600 -.64Th -. 3645 -.8786 L1929 -.9096 L2507
L4800 -.6802 -.3955 -.8701 LATTL -.8969 .2L65
. 5000 -.7329 -. 4133 -.8636 L1622 -.8850 L2hat
.5500 -.8392 - hhng -.85L49 L1272 -.8593 .2280
L6000 -.9249 - h237 -.8538 . 09823 -.8389 L2130
.6500 -.9772 -.3848 -.8568 LOT602 -.8208 .1980
. 7000 -.9942 -. 3445 -. 8606 . 05975 -.8103 .1837
. 7500 -.9840 -. 3197 -.8632 LOk756 -. 8004 L1707
.8000 -.9612 -.3220 -.8637 . 03757 -.7922 .1589
.8500 -.9417 -. 3456 -. 8624 L0274 -.7852 .1481
.9000 -.9384 -.3850 -.8602 L01728 -. 7790 L1381
.9500 -.9572 -. 4378 -.8583 . 005.297 -.7733 .1286
1..000 -.9969 - 4790 -.8577 -. 007705 -. 7683 .1i9k
1.100 -1.104 -.5071 -.8624 -.033353 ~.T601 .lo1k
1.200 -1.181 b -.8731 -.05433 -.T549 . 08426
1. 300 -1.196 -. 4318 -.88L5 -, 06852 -. 7521 . 06869
1.400 -1.190 - hhe -.8933 -. 07991 -.7509 . 05486
1.500 -1.220 - 4813 -.9008 -. 09153 -. 7506 Nolt-ll N
1.600 -1.288 s T -.9099 -.104k0 ~.7511 . 03097
1.700 -1.353 - L7136 ~.9215 - 1147 -. 752k . 02028
1.800 -1. 380 - h301 -.9337 -.1221 -. 7545 . 0LOLT
1.900 -1.380 - b1so -.9hkhy -.1273 -.7573 . 001656
2.000 -1.393 et -.9543 -.1320 -. 7604 -. 006253
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TABLE IT.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qﬁi(k) or Qnﬁ(‘*))’

FOR M=l . 2, A:ll-

(Cont'd)

.2092

N

.09214

n=1, g=l; p=0C
m=0 m=1 m=2
k
Real Imaginary Real Imaginary Real Imaginary

C. v iy le C.1021 -2 ©. 03250 -1.9%4 V1263
9 -4,270 L2055 -9 . OFLES -1.990 .0P533
O -4, 230 L2954 - L0O612 -1 . 03818
C “L17s . 381k - L1066 -1 L0512k
-4.,108 L4571 - L1558 -1. .CALSE
-4.031 L5209 - L1834 .07819
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qﬁi(k) or Qﬁi(w),

FOR M=1.2, A=k

(Cont'd)

m=z
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TABLE

II.- GENERALIZED SINUSOIDAL FORCE AMPLITUTE, Q°2(k) or @51(w),
FOR M=1.2, A=l

(Cont'd)

n=l, ¢=1, p=z

" m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -0.9035 0.03071 -1.228 0. 02070 -1.155 C,010LC
Nelelele -.8912 . 05973 -1,223 .ok105 -1.152 .C20T7T
. 06COC -.8712 . 08544 -1,215 .060T71 -1.148 L0311
. 08ocC -.8Luk L1064 -1.2Ch L0T793¢6 -1,1k2 L 04137
.1C00 -.8118 .l212 -1.2190 L 09672 -1.135 . 05155
.12C0 -, T749 . 1289 -1.17h L1125 -1.126 L0F161L
L1400 -.7350 .1288 -1.156 L1265 -1.116 .C7153
L1600 -.£939 L1204 -1.135 L1386 -1.105 L08106
L1800 -.6531 L1036 -1.11k L1485 -1,092 . 09079
.2000 -, E14L L07871 -1,091 L1563 -1.079 L1001
.2200 -.5793 L Cheoe -1,068 L1620 -1.065 L1090
L2400 -.5ho2 LCCTOLY -1.045 L1654 -1,051 L1177
L2600 -.5252 -. 03780 -1.023 L1668 -1.036 L1260
280C -.5083 -. 08601 -1.000 L1662 -1.021 ,1338
3000 -. 4992 -.1388 -.9793 L1637 -1.005 JRRIE)
2200 -.4982 -.1921 -.9594 L1596 -.99C3 L1h38x
3400 -.5C52 -.2k50 -.G410 L1541 -.975 L154L
3600 -.5201 -.2961 -.9244 LINTR -. 9607 L1602
3800 -.5Lk23 -. 3440 -.9C95 .1398 -. 0466 L1653
400D -.5708 -, 3874 -. 8966 L1314 ~.9329 L1698
4200 -.6046 - bhosy -.8856 L1225 -.9299 L1737
LUboo -.6425 - 4570 -. 8766 L1313k -.9075 L1769
L4600 -.6832 -. k818 -.8€33 .1cke -. 8958 L 179k
L4800 -.7252 -.k998 -.8638 L0951k4 -.88Lg L1812
5000 -.Te72 -.5105 -.3598 . 08637 -. 3748 L1824
.55C0 -.8637 -.5099 -.855€6 . 0hPBLT -.8526 . 1825
€000 -.9358 - h7o8 -, 5568 .0s¢c22 -.3348 L1790
L6500 -.9755 -.b373 -.8605 .037€L -.8ecr L1726
7000 -.9841 -. 3999 -. 8641 . 02786 -.8C96 L16L
L7500 -.971k -. 3810 -.B6e2 . 01958 -.8005 L1543
800 -.9516 -. 3868 -, 8662 L01146 -.7929 L1439
8500 -.9389 -.has1 -.86L8 . 002513 -. 7862 L1336
9CC0 -.9437 - bsTe -.8628 -.COT7C3 -.78¢c2 L1238
.9500 -. 9697 -, 5010 -.8613 -.C1906 -.7TL8 L11hs
1.000 1,014 -.5349 -.8613 -.03101 -. 7699 L1060
1.10C 1.121 -. 5481 -.8671 -.05359 -, 7621 . 09C43
1.20C 1.191 -.5043 -.8780 -. 07089 -.7571 L07584
1.30C 1.201 -.4676 -.8891 -. 0830k -, 7544 .061€65
1.400 1.198 - hrok -. 8976 -. 09359 -.7532 .0k812
1.5G60 1.233 -.517C -.9C51 -. 1048 -.7530 . 03581
1.600 1.3C3 -.5292 -.91kh -.1162 - 753k . CaL8T
1.70C 1.366 -. 4985 -.9260 -.1256 - 7547 . 01496
1.800 1.390 - b562 -.9382 -.1321 -. 7568 . 005733
1.900 1.391 - bho2 -.9490 -, 1367 -, 7596 -, 002905
2,000 1.406 -. k507 -.9586 -, 1411 -.T626 -, 01080

NN F
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TABIE II.- GENERALIZED SINUSOIDAI, FORCE AMPLITUDE, Qﬁg(k) or Qii(w),

FOR M=1.2, A=l

(Cont'd)

n=l, g=2 or n=2, g=1; p=0

. m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0, 0200C -5, 560 0. 1020 -3.657 0.06068 -2.772 0.03964
. Ok0OC -5.532 L2028 -3.647 L1205 -2.766 . 07895
. 0600C -5 LBT L2958 -3.632 .1788 -2,758 L1176
. 0800C -5. 405 L3797 -3.610 L2346 -2.7h7 L1554
L1000 -5,350 L4517 -3.582 L2873 -2.734 L1919
L1200 -5.263 . 5098 -3.550 . 3363 -2.718 L2268
L1keo -5.167 L5580 -3.513 . 3809 -2.699 L2601
1600 -5,065 L5TTE -3.472 4208 -2.678 L2913
180C -L,960 . 5858 -3.428 L4556 -2.655 . 3204
2000 -4,855 L5T6T -3.382 L4850 -2.630 . 3472
2200 -4.753 L5500 -3.334 .5089 -2,604 . 3716
2Lo0 -L.657 . 509¢ -3.285 .527h -2.576 . 3935
2600 -4.570 Lasho -3.236 .5hob -2.548 L4128
2800 -4, 493 . 3870 -3.188 . 5480 -2.519 L4295
3000 -4, 428 . 3100 -3.141 L5510 -2.489 L4438
3200 -4, 376 L2063 -3.095 . 5493 -2.460 .b4555
. 3400 -4,338 L1380 -3, 051 . 543% -2.h30 RIVING
. 3600 -4,313 LT -3.010 .5338 2.k L4718
. 3800 -4, 302 -.0h1v2 -2.972 .5210 -2.373 LTET
Looo -4, 304 -. 1280 -2,937 . 5056 -2.345 LL795
4200 =L, 317 - 209¢ -2.905 L4881 -2,318 .L8es
LLLoo -4.339 -.28h7 -2.876 .4e9c -2.292 L4798
o) -4, 370 -, 3500 -2.850 LLL87 -2.267 LL76
L4800 -Lohos - 408 -2.828 Lhe79 -2.2k4h4 LL4Tho
5000 -L o4hs - 4570 -2.808 LLos8 -2.221 L6903
5500 -h, skt -.5382 -2.771 . 3555 -2.171 L4537
6C00 -4,633 -, 572k -2.7h6 . 3089 -2.128 Lh3hh
L6500 -4,686 -. 5796 -2.729 L2687 -2,092 L413h
7000 -h,7o2 -, 5850 -2.716 L2346 -2,061 . 3920
7500 -4.691 -. 6076 -2.70k .20k9 -2.035 L3711
8000 L6671 -.658¢ -2,692 LATTh -2.013 . 3510
.8500 -L.659 -.T737% -2.679 .1501 -1.993 . 3316
.9000 k672 -.834t -2,668 L1218 -1.976 . 3127
.9500 Nt -.9338 -2.658 ., 09200 -1.960 L2942
1.000 -4,783 -1,020 -2,652 L06135 -1.946 .2759
1.100 -4,955 -1.116 -2.650 . 001582 -1.922 L2397
1.200 -5.087 -1.126 -2.659 ~. 0L9gi: -1.905 .20LT
1.300 -5.144 -1,134 -2.672 -, 09184 -1.894 L1719
1.400 -5.183 -1.200 -2,68k4 -.1287 -1, 886 .1418
1.500 -5.27h -1.296 -2.697 -.1648 -1.881 L1140
1.600 -5.415 -1.353 -2,713 -.2001 -1.878 . 08786
1.700 -5.548 -1. 347 -2.734 -.231k -1,878 . 06331
1.8c0 -5.630 -1, 319 -2.757 -.2571 -1.880 .okoho
1,900 -5.679 -1, 322 -2.779 -.2786 -1.883 . 01953
2. 000 -5.749 -1, 357 -2.801 -.2983 -1,887 . 0003002
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qﬁi(k) or Qﬁi(w),
FOR M=1.2, A=k '

(Cont'd)

n=l, gq=2 or n=2, q=1; p=l

. m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -1.902 0.0k221 -2.272 0. 04086 -2,024 0.0303%
. Ok000 -1.884 . 08198 -2,265 . 08106 -2,020 . 060LO
. 06000 -1.855 L1170 -2.,252 .1200 -2,014 . 08993
., 08000 -1,816 L1hs51 -2.236 L1569 -2,005 .1187
L1000 -1.768 L 164G -2.215 .1919 -1.994 R
.1200 -1,713 L1735 -2.191 .2229 -1.981 L1728
. 1400 -1.654 L1712 -2.164 .2509 -1.966 L1978
L1600 -1.592 .1568 -2.133 L2751 -1.949 2211
L1800 -1,531 L1302 -2.101 L2954 -1.931 .2h26
.2000 -1.473 . 09169 -2.067 .311h -1.911 L2623
.2200 -1.419 . 04195 -2,032 .3231 -1.890 L2799
. 2400 -1.372 -.01783 -1.997 . 3306 -1.868 . 2954
. 2600 -1.333 -, 08612 -1.963 . 3340 -1.846 . 3088
. 2800 -1.305 -.1611 -1.929 .3334 -1.823 . 3202
. 3000 -1,287 -, 2408 -1.896 . 3291 -1.800 . 3295
. 3200 -1,281 -.3229 -1.865 . 3215 -1, 776 L3367
. 340G -1.287 - 4oskh -1.836 . 3110 -1, 75k .3ho1
. 3600 -1.303 -. 4860 -1.809 .2979 -1.731 . 3456
. 380C -1.331 -. 5627 -1.785 o827 -1.709 L3473
. 4ooC -1.367 -.6338 -1.76% . 2658 -1.688 . 3476
pi=lole -1.k412 -. 6977 -1.746 2478 -1.668 . 3463
NG 21,463 -.7533 ~1.730 .2291 -1.648 .3438
L4600 -1.519 -. 7997 -1.717 .2100 -1.630 L3402
. 4800 -1,578 -.8365 -1,706 L1909 -1.613 .3356
. 5000 -1.637 -.8638 -1.698 L1722 -1.596 . 3302
. 5500 -1.777 -.8935 -1,686 . 1286 -1.560 . 3140
. 6000 -1.887 -.8810 -1.682 .09170 -1.531 .2957
L6500 -1.957 -, 8485 -1.683 . 0620k -1.507 L2768
. 7000 -1.986 -.8196 -1.685 . 03863 -1.487 .2584
. 7500 -1,988 -, 8126 -1.686 .01939 -1.471 .2k10
.8000 -1.979 -.8360 -1.685 L 001948 -1.b57 o2kt
L8500 -1,980 -. 8877 -1.683 -. 01566 -1.445 . 2092
.9000 -2, 004 -.9562 -1.680 -. 03461 -1, 434 .1ohk
.9500 -2,055 -1.006 -1.678 -.05512 -1.k2s .1800
1,000 -2.131 -1.081 -1.679 -. 07660 -1.416 .1658
1.100 -2.305 -1.117 -1.689 -.1183 -1.403 L1378
1.200 -2, kot -1,076 -1.707 -.1523 -1, 394 L1109
1,300 -2 h72 -1.0kh2 -1.725 -. 1778 -1.388 . 08608
1.k00 -2.500 -1.071 -1.7h1 -.1996 -1.386 L 06356
1.500 -2.577 -1.131 -1.756 -.2218 -1.385 . 0k293
1.600 -2.702 -1.153 -1L7Th -.24ko -1.386 . 02366
1,700 -2.81k -1,115 -1.795 -.2631 -1.388 . 005610
1.800 -2.872 -1.062 -1.817 -, 27Th -1.392 -.01105
1.900 -2.900 -1.0kL -1.838 -.2883 -1.397 -.02619
| 2,000 -2,948 -1.059 -1.857 -.2984 -1.ho2 -.03993

ONDY £ >
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Q’I;Iql(k) or Qﬁg(w),
FOR M=1.2, A=k

(Cont'd)

n=l, g=2 or n=2, g=l; p=2

. m=0 m=1 m=2
Real Imaginery Real Imaginary Real Imaginary
0. 02000 -0.01016 0.02115 -1.633 0.0303° -1.591 C. 02khg
. 04000 -.01003 L0hom9 -1.627 L0601 -1.588 .O487h
. 06000 -.9816 . 05586 -1.618 . 0888 -1.583 .C7253
., 08000 -.9532 L 06587 -1.604 L1159 -1.575 . 09564
.1000 -.9190C L 06900 -1.588 L1hoo -1.566 L1179
.1200 -. 8806 e Stgs) -1.569 L1635 -1.555 .1390
L1400 -.8396 L0505, -1,547 L1831 -1.543 L1589
L1600 -. 7979 L0275 -1.523 L1997 -1.529 L1773
L1800 - 7576 -, 004210 -1, 498 .2129 -1.513 L1943
. 2000 -. 720k - ChECA -1.471 L2227 -1.ko7 . 2096
. 2200 -.6882 -. 09555 -1, bhh . 2201 -1.479 L2232
. 2400 -.6625 -.1517 -1l.hay L2319 -1, 461 L2350
. 2600 -, 6L4L46 -.2137 -1.391 .2315 -1, 443 L2450
.2800 -.6355 -. 2797 -1.365 .2280 -1.kok .2533
. 3000 -.6359 -. 348¢ -1.341 L2215 -1.405 . 2599
. 3200 -. 6460 - L1ET -1.318 L2125 -1.386 . 2647
. 3400 -.6657 -. 4839 -1.298 .2013 -1.368 L2680
. 3600 -. 6944 -, 5479 -1.279 L1882 -1.350 . 2697
. 3800 -. 7315 -. 6071 -1.263 L1737 -1.332 L2701
L4000 - 7756 -.6£3599 -1.248 .1580 -1.315 L2691
Rilele -.8255 -. 7053 -1.237 L1h1T -1,299 L2671
Jphitele) -.8796 -, T2k -1l.227 L1251 -1.28L4 L2639
LL60o0 -.9360 - 7709 -1.220 L1086 -1.269 . 2600
L4800 -.9933 S Tel -1.215 . 09232 -1.256 .2552
. 5000 -1.050 -.COLL -1.212 LOT667 -1,243 .2kog
. 5500 -1.176 -.7953 -1.210 .Ob1he -1.216 L2347
,6000 -1.269 -.7555 -1.215 L01317 ~1.194 .2183
L6500 -1.320 -. 7039 -1l.222 -. 008113 -1.177 L2019
L7000 -1.332 -.6622 -1.229 -.0238¢C -1,163 L2863
L7500 -1.319 - 6L4El -1.233 -. 03606 -1.152 L1718
. 8000 -1.301 -.6625 -1.234 -, OhTo2 -1.143 1585
.8500 -1.29k4 -. 7062 -1l.234 -.0591C -1.135 BRITCSS
. 9000 -1.312 -. 7652 -1.233 -. 07269 -l.127 1343
. 9500 -1,357 -.8236 -1.233 -, 08805 -1.121 1228
1.000 -1.424 -. 8666 -1.236 -.1045 -1.115 111k
1,100 -1.577 -.8791 -1.248 -.1362 -1.106 08883
1.200 -1.673 -. 8210 -1,266 -.1609 -1.101 06721
1. 300 -1.694 7783 -1.284 - 1779 -1.098 obrhe
1.400 -1,701 -. 8005 -1.298 -.1923 -1.098 02967
1.500 -1.762 -.8519 -1,311 -.2078 -1.099 . 01350
1.600 -1.867 =86kt -1. 327 -.2238 -l.101 -. 001603
1.700 -1.958 -. 8205 -1. 346 -.2371 -1.104 -, 0157k
1.800 -1.995 - TELY -1.365 -.2h61 -1.108 -. 2873
1.900 -2, 004 rhsly -1,382 -.2524 -1.113 -, 0k043
2.000 -2.035 -. 7600 -1.398 -.2583 -1,118 -. 05097
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TABIE

II.- GENERALIZED SINUSOIDAL FORCE AMPLITUTE, @°'(k) or Qig(w),
FOR M=1.2, A=k

(Cont

n=2, q=2, p=0

'd)

. m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0, 02000 -7.556 0. 09096 -5.255 0.,07152 -4, 085 0,05105
. 0k000 -7.513 LTT1 -5.237 L1416 L, o75 .1015
. 05000 -7.462 L2561 -5.217 .2098 -4, 065 L1511
. 08000 -7.393 .32kt -5.190 L2750 4,051 .1996
L1000 -7.310 . 3782 -5.157 .3363 -4, 033 .ohel
.1200 -7.213 L4158 -5.116 . 3929 -4, o012 L2912
L1hoo -7.108 L4350 -5.071 LAkhg -3.987 .3338
L1600 -6.997 L43hT -5.021 L4893 -3.960 .3738
L1800 -6.884 RIS -4,967 .5281 -3.930 4109
. 2000 -6.773 3743 -L.g10 . 5602 -3.897 Chhsl
. 2200 -6.667 .3152 -4, 851 . 5855 -3.863 L4760
L2500 -6.569 .2388 -, 792 L6039 -3,827 .5037
. 2600 -6,483 L1bkT71 b3 L6156 -3.790 . 5281
L2800 -6.410 .0Lk270 -4,673 L6208 -3.753 . 5491
. 300C -6.353 -. 0714k -4,616 L6200 -3.71h . 5668
. 3200 -6.312 -.1922 -4,560C L6136 -3.676 .5813
. 34O -6,288 -. 3163 -4,508 L6021 -3.638 .5926
. 3600 -6.282 - hkot -4,459 .5861 -3.600 L6010
. 3800 -6.291 -. 5621 b bk . 5664 -3.563 L6065
. Looo -6.315 -.6781 -4, 372 L5435 -3.527 L6004
L4200 -6.351 -.7861 -4.335 .5182 -3.492 L6099
LLhoo -6.399 -.8843 -4, 301 Jbo1a -3, 458 L6083
L4600 -6.455 -.9712 -L, 212 L4628 -3.426 L6046
L4800 -6,516 -1. 046 -4, 246 L4339 -3.395 .5993
. 5000 6,581 -1.109 -4, 225 .4olg -3.366 . 5925
. 5500 -6,739 -1.215 -4,184 . 3348 -3.301 L5704
L6000 -5.869 -1.26k4 -4.158 LoT1h -3.245 .5436
L6500 -6.952 -1.284 -1k L2164 -3.198 L5146
.TO00 -6.987 -1.308 -L.129 . 1690 -3.158 L4851
. 7500 -6.991 -1.358 -kt L1268 -3.124 L4560
. 8000 -6.986 -1, 447 -4, 105 . 08683 -3.095 LbaT9
.8500 -6.998 -1.572 -4, 092 . Oh661 -3.069 . Loos
.9000 -7.0L -1.716 -4, 081 . 00k68k -3,046 . 3737
.9500 -7.130 -1.858 -L,orh -.03914 -3.025 L3472
1,000 -7.251 -1.978 -4, 070 -. 08398 -3.007 . 3208
1.100 -7.528 -2,109 4,078 -.1707 -2.977 . 2683
1.200 -7.736 -2.128 -h, 10 -, 245k -2.956 L2176
1,300 -7.843 -2.156 -k, 127 -. 3069 -2.,94k2 .1698
1.400 -7.935 -2.26L -L,152 -.3619 -2.934 L1257
1.500 -8.102 -2.405 -4, 178 -. k161 -2,930 . 08465
1,600 -8.336 -2,483 -4.210 -. L4686 -2,929 , 04596
1.700 -8.549 -2.h12 -4, 249 -.51k49 -2.932 . 009517
1.800 -8.687 2,436 -4, 289 -.5530 -2.937 -, 021
1.900 -8.785 -2.hh7 -4, 328 -.5852 -2.945 -. 05565
2,000 -8.915 -2,499 -4, 366 -.6148 -2.954 -, 08437

o
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TABIE II.- GENERALIZED SINUSOIDAL FORCE AMPLITUDE, Qig(k) or ng(w),
FCR M=1.2, A=k (Cont'd)

n=2, gq=2; p=1

NIV = =

. m=0 m=1 m=g2
Real Imaginary Real Imaginairy Real Imaginary
0, 02000 -2.3Q0 ¢, 01045 -3.213 0. 04559 -2,967 0, 0385¢
e elolo) -2.276 LO35k6 -3.200 . 09033 -2.959 . OT6L9
. 06000 -2,24kL L0423 -3.185 L1343 -2.951 L1139
. 08000 -2,203 . 04407 -3,165 L1752 -2.940 L1502
L1000 -2.153 L0485 -3.140 L2131 -2.92¢ L1852
L1200 -2,C97 L 02087 -3,111 L2hT73 -2,909 L2185
L1400 -2.C37 -, 000053 -3.077 L2772 -2.889 .2k9g
L1600 -1.976 -. 05155 -3.042 L3024 -2.867 L2792
.18¢c0 -1.917 - 1LaT -3.002 L3223 -2.843 . 3062
L2000 -1.863 -.18459 -2,961 L3377 -2,818 . 3307
L2200 -1.815 -, 2703 -2.920 34T -2.791 . 3525
.2hoo -1.7T7T -, 3601 -2.878 L3520 -2, 762 L37AT
. 2600 -1,751 - 46l -2,837 . 3515 -2.733 . 3882
L2800 -1.737 - 5TEL -2.797 . 3h€3 -2.TCh Lho19
. 3000 -1.737 -.6915 -2.758 . 3365 -2,674 LLhizce
. 3200 -1.752 -. 8018 -2.722 . 3223 -2,6kL5 L1k
. 3400 -1.78C -, 9nbk -2,689 . 3053 -2,615 Rtk
. 3600 -1.823 -1.0e7 -2.659 . 285:7 -2.586 L4310
. 380¢ -1.877 -1.120 -2.,632 L263.. -2.558 Lol
Lhooc -1.943 -l.22¢ -2.607 L2383 -2.531 L4318
Lheoe -2.017 -1, 30L -2.589 L2130 -2.505 ook
JLhoc -2,098 -1.37% -2.572 .186n -2, 480 LLes53
L6000 -2.183 -1.430 -2.559 L1605 -2.k457 L41g8
L4800 -2.27C -1, 486 -2, 549 L1340 -2, 435 L13c
. 5000 -2.356 -1.51k -2.542 L1087 -2, 41k Lhos2
. 5500 -2.556 -1.55C -2.533 . 0hge -2.368 . 3825
L6000 -2.711 -1.53¢ -2.535 -. 0003845 | -2,330 L3571
L6500 -2.811 -1,50: -2,5h2 -.0kod6 -2. 300 . 3310
. 7000 -2.859 ~1.hr -2.550 -. 07351 -2.275 . 3056
L7500 -2.874 -1, 48 -2.555 -, 1012 -2.254 L2813
. 8000 -2.881 -1.53k -2.557 -.127 -2.237 L2584
.8500 -2,905 -1.61¢ -2.558 -.1536 -2,202 L2366
.9000 -2.962 -1.72] -2.559 -, 1820 -2.208 .2155
.9500 -3.057 -1.81¢ -2.561 -.21e -2.196 L1948
1,000 -3.131 -1.89L -2.567 - oLkl -2,185 L1T7L3
1,100 -3.4k4g -1.93¢ -2.590 -. 30ku -2.169 L1336
1,200 -3.636 -1.88: -2.623 -. 3541 -2,159 . 0945L
1.300 -3.716 -1.84¢ -2.656 -. 3918 -2.155 . 05831
1.400 -3.783 -1.90¢ -2.685 - hold -2,154 . 02528
1.500 -3.924 -1.98¢ -2.713 -. 458l -2.156 -.005183
1.600 -4, 106 -2, 01t -2, 746 - ho1t -2.159 -, 03376
1,700 -4, 301 -1.957 -2.783 -.5197 -2.165 -. 06057
1.800 -4, 399 -1,88- -2.821 -. 5406 -2.173 -. 08535
1.900 -b.hs56 -1.86¢ -2.856 =557 -2.183 -.1079
2,000 -4, 549 ~1.884 -2.889 -.572¢. -2.193 -.1284




T2

TABIE IT.- GENERALIZED SINUSOIDAL FORCE AMPLITUTE, Q0 (k) or @23(w),
FOR M=1.2, A=l

(Concluded)

n=2, q=2; p=2

« m=0 m=1 m=2
Real Imaginary Real Imaginary Real Imaginary
0. 02000 -1.130 -0.001026 -2,288 0.0330. -2.324 0.03075
. 04000 -1.113 -, 004691 -2.278 .06512 -2.318 L 06107
. 06000 -1.092 -, 01246 -2.266 . 09598 -2.311 . 09084
. 08000 -1.063 -. 02638 -2.251 L1248 -2.301 .1197
. 1000 -1.030 -, 04808 -2,231 L1512 -2.289 1475
L1200 -.9922 -.07879 -2.208 L1ThL -2.275 .1738
L1400 -.9533 -.1193 -2.182 .lok -2.259 .1985
L1600 -.9152 -. 1700 -2,154 L2100 -2.241 .ok
L1800 -.880 -.2308 -2.123 .2219 -2,221 .olko3
. 2000 -.8500 -.3011 -2,092 .2295 -2.200 L0611
. 2200 -.8271 -. 3797 -2,061 .2329 -2.178 L2776
.2Lkoo -.8131 -. 4653 -2.029 .2322 -2.155 .2919
L2600 -.8093 ~. 5560 -1.998 227k -2.131 . 3039
.2800 -.8168 -. 6499 -1.969 .2189 -2.107 L3137
. 3000 -.8361 - ThbT -1.941 . 2070 -2.083 3212
. 3200 -. 8674 -.8381 -1.916 L1921 -2.059 . 3265
. 3400 -.9101 -.9279 -1.893 L1l -2,035 . 3298
. 3600 -.9636 -1.012 -1.873 .1551 -2,012 L3311
. 3800 -1.026 -1.088 -1.855 .1339 -1,990 . 3307
L4000 -1.097 -1.156 -1.84 L1117 -1.,968 . 3286
L4200 =117k -1.213 -1.829 .08881 -1.948 . 3251
Lhhoo -1.255 -1.258 -1.821 .06578 -1.929 . 3202
L4600 -1.337 -1.292 -1.815 . 04302 -1.910 L3143
.48oo -1.419 -1.315 -1.812 . 02089 -1.893 . 3075
. 5000 -1.498 -1.326 -1.811 -.0003030 | -1.878 . 2999
.5500 -1.673 -1, 31k -1.816 -, O4TE7 -1.844 2786
L6000 -1.798 -1.263 -1.827 -. 08566 -1.816 .2558
L6500 -1.867 -1.203 -1.841 -.11k46 -1.795 .2332
. T000 -1,888 -1.161 -1.853 -.1365 -1.778 L2116
. 7500 -1.881 -1.156 -1.862 -.1545 -1, 764 L1916
. 8000 -1.871 -1.193 -1.868 -.1716 -1.753 L1729
.8500 -1.882 -1.264 -1.871 ~.1900 -1.743 .1553
L9000 -1.927 -1.352 -1.873 -.2108 -1.734 .1384
.9500 -2.008 -1.433 -1.878 -.2339 -1.726 .1218
1.000 -2.117 -1.490 -1,885 -.2583 -1.719 .1053
1.100 -2.348 -1.499 -1.909 -.3043 -1.709 .07253
1.200 -2.401 -1.420 -1.941 -.3399 -1.70k .ok109
1.300 -2.532 -1.372 -1.972 -.3652 -1.703 .01222
1.400 -2.565 -1.hak -1.998 -.3872 -1.705 -.01384
1.500 -2.676 -1,488 -2,023 -.4109 -1,708 -. 0377k
1.600 -2.8L45 -1.500 -2.051 - 4348 -1.713 -. 06016
1.700 -2.984 -1.432 -2,083 - 4543 -1.720 -, 08117
1.800 ~3.0L46 -1.355 -2,116 - 67T -1.728 -.1005
1,900 -3.073 -1.332 -2.1k46 - 4773 -1.738 -.1179
2.000 -3.137 -1.35h -2.173 - L86L -1, 77 -.1337
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